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PREFACE. 



The commencetnent of the publication of a '* TreiUise on the Theory 
of Algebraical Expressions," of which the first number appeared in 
1831, under i\\e direction of the '* Society for the Diffusion of Useful 
Knowledge," having been accidentally interrupted, I was directed by 
the same Society to compose the present Treatise, keeping in sight the 
views of the author of the '* Algebraical Expressions," at the same 
time keeping pace with the advancement made, since the former date, 
on this subject. 

The main view of the author of the work quoted, I learned, was to 
conduct his subject so as insensibly to lead the learner from pure 
algebraical theories to a knowledge of the principles on which the 
more advanced branches of analysis diepend. To this advice from an 
excellent analyst I have adhered as well as I was able ; but, in con- 
sideration of the recent progress of the *' Theory of Equations," 1 felt 
it necessary to alter the plan, assuming however the propositions 
proved in the other work, to which therefore the reader will find several 
subsequent references. 

I will now ii.ake a shurt statement of the plan adopted in the present 
work, premising that no treatise with exclusively the same object has 
been published of iate,-as far as I know, either'at home or abroad. 
To collect and methodically digest the scattered elements of this theory, 
as far as its present advanced stat^ imports, was attended with no 
inconsklerable difficulties ; therefiire, though an object of great utility 
has been, I hope, obtained by the composition of this work, it cannot 
be expected to be altogether faultless. 

Before examining algebraical equations theoretically, it appeared 
necessary to convey a precise idea of the continuous nature of algebraic 
functions, and to show that their nunierical magnitudes may be 
extended through every quantity from negative to j)ositive infinity, 
notwithstanding the existence of certain maxima and minima values. 
This subject is discussed in a series of propositiotis, the more clearly 
to impress the reader with the steps of the reasoning. Having attained 
this object, the ordinary properties of equations relative to the existence, 
number, limits, and symmetrical relations of the roots, followed as easy ' 
conseqnences ; on these deduced properties I have not much dilated, 
as they have been already ably treated in the work before referred to. 

A 2 



iv PREFACE. 

I have then given the theorems of both Slurm and Fourier relative 
to the discovery of the number of real and imaginary roots of an equa- 
tion, the combination of which with the methods of approximation due 
to Newton and Lagrange conducts to the solution of aU numerical 
equations of finite dimensions, except for imaginary roots, for the dis- 
covery of which I have employed a method deduced from recurring 
series. These numerical applications I have illustrated by examples in 
a later part of the work. 

The formation of literal equations being understood, I have explained 
the logarithmic method for obtaining with rapidity the series which 
analyticiilly represent the dilferent roots and their functions ; and have 
then shown how to effect some general and useful transformations of 
equations, and explained the algebraical solutions of the equations of 
inferior degrees, and the analytical meaning of the different surd parts 
which constitute the roots. . 

The theory of binomial equations is treated much in the manner of 
Lagrange, and the methods for the general resolution of equations are 
then discussed ; and wherever useful applications to the kindred branches 
arose, I have supplied them in the form of Sc/io/ia, in order to preserve 
a proper arrangement of the subject more especially treated. 

After giving several useful analytical results springing from the 
employment of the methods before given, I have passed on to discuss 
recurring series, which have been used from an early date for the solu- 
tion of equations. I have then pointed out the useful extension made 
but left unproved by Fourier; I have supplied the proofs for that 
part which wais correct, and substituted right theorems for those in 
which he has committed errors. 

After then giving the various methods of approximation to the roots, 
and using all the appliances by which they may mutually assist each 
other, and thereby facilitate the numerical solution — on which occasion 
I have also considered several properties of continued fractions — I have, 
in cont^lusion, considered the properties of general classes of equations 
of finite and infinite dimensions, and shown in what cases the theory 
of the former may or may not be applicable to the latter. 

All parts of the work I have taken care to illustrate with numerical 
or more general exampks, and to draw such inferences as will be 
found useful in the higher branches of analysis. A glance over the 
table of contents, which 1 hope will form a useful epitome of the whole 
subject, will convey a more complete idea of the nature and extent of 
the matters here treated. 

I have availed myself of an accidental delay in the publication of this 
Treatise, to revise, correct, and augment diffejent parts^ with the view 

of rendering the work as complete as possible. 

R. M- 
February 3, 1828. 
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Article 1. The direct processes of arithmetic were at first purely 
com putative, as addition and multiplication. An expertness in per- 
forming these operations, arising from habitude and the assistance of 
tables committed to memory, easily conducted to the inverse processes 
of subtraction and division, and to the compound process of proportion. 
When the direct process, however, became more complex, as when it 
consisted of various multiplications and additions, the discovery of 
methods for finding the unknown quantity or quantities was a matter 
of extreme difficulty to arithmeticians, and but for the employment of 
general symbols denoting the quantities on which the operations were 
performed, the . discovery of the proper inverse processes of arithmetic 
would have progressed very slowly. 

These symbols however were employed : the problems on which they 
were engaged conducted generally to simple equations, the results of 
which furnished rules for Single and Double False Position, Alligation, 
and other purposes of arithmetic to be found in the old treatises on 
this subject. 

Questions, in which the quantity sought was multiplied by itself, or 
which in symbols conducted to quadratic equations, were aflerwarda 
attempted by the rule of double false position, which necessarily gave 
only an approximation. For greater readiness in obtaining the same 
object, a tentative method, similar to that now usually employed in 
extracting the square root, but taking into account the second term of 
the quadratic, was adopted, and was afterwards extended to equations 
of higher orders, a method which was not only tentative but tedious 
and iMirren. 

2. The actual solution of the quadratic equation in general alge- 
braical symbols was of the greatest importance *, the interpretation of 
the two roots which satisfied the equation, the consideration of these 
roots when imaginary, and the obvious relations subsisting between 
the roots and the coefficients of the given equation, much more than the 
solution of the cubic, and of the biquadratic which soon followed, tended 
to replace a string of unconnected devices by a true analysis possessing 
connexion and symmetry. Thus, in the hands of Harriot and Des- 
cartes, algebra ceased to be a system of artifices and became a science. 

This science thus opened was cultivated in this country by Wallis, 
Newton, Cotes, Waring, and Thomas Simpson, and abroad by many, 
amongst whom we distinguish Bezout, Tchirnhausen, Euler, and La- 
grange. Difficulties, however, remained, many of which have been 

B 
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successfully combated by men of the present day ; and the next gene- 
ration will probably find the subject fax from exhausted. 

There probably exists no branch of pure analysis on which the exer- 
dse of close reflection is more calculated to improve the student in 
precision and elegance of research than the Theory of Equations. 

3. The first step towards classifying equations consists in arranging 
the terms, according to integer powers of the unknown quantity, com- 
mencing with that having the highest index, and descending uniformly 
to the absolute term, or that which does not involve the unknown quan- 
tity ; all such terms being placed on the left-hand side of the sign of 
equality, zero will alone remain on the right. 

If X denote the unknown quantity, the left-hand member thus pre- 
pared is called a rational and integer function of <r, because this symbol 
is then not affected by either fractional or negative indices. 

Further, it adds to the simplicity, while it does not diminish the 
generality of an equatioui to divide the whole by the coefficient of the 
first term^or that. which involves the highest power of j?. 

Eiample 1. Arrange the terms of the equation 

ax — 26 

9x+ ass To—' 

x+ 2a 

Result : »• + 2 «« + («• + 6) = 0. 

The given equation, we thus learn, is of the second order, that being 
the highest power to which d? is raised in the arranged equation. 
Example 2. Arrange the terms of the equation 

{x+ a + Cx*+2ax + fi)^Y +{ «+« - («• + 2fld? -h fi)^y + 7=0. 

By taking the actual cubes, the irrational parts disappear in the 
addition of the two ; we thus obtain, first 

2(x-|-«)»-h6(a? + a) (af» -h 2aa: + /8) + y = 0, 

and from thence, by farther reduction, the result, which is 

therefore the equation proposed is of the 8rd order. 
Example 8. Arrange the terms of the equation 

Result : 

a^ 4. 2aa^ + (««,4. 2/3 — y)a^ ^- 2 (cr/J - y$)af + (/> *- y^) = 0, 
an equation of the fourth degree. 

4. When the equation is thus arranged, Ihe index of the first term 
(which is the highest) marks, as it has been variously termed, the 
order, degree, or dimension of the equation, and also, of th« rational 
function which constitutes its left member. 

Proposition I. 

Positive values, so great, may be assigned to x^ that the correspond- 
ing values of ^ shall be incomparably greater than those of any given 
rational integer function of iT of dimensions lower than n. 
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Let hsjT + B^-* + Cj:— ■ + + Pa? + Q be the given 

function, where m is less thiin n. 

This function for abridgment we shall denote by (<r), and suppose 
M to be numerically the greatest of the coefficients A, B» C • • « . 
P, Q, if they are unequal, or one of them if equal. 

Then it is plain that Ma;"* > or ss Aj?"", 

Mj?""* > or = Bx'-S 
Ma^-« > or = Car-*. 
&c. &c. 

In ihe right-hand members of these relations the signs of ihe quan- 
tities which constitute them may be at variance, some perhaps positive, 
others negative ; if so, this would only strengthen our conclusion 
formed by taking tbe sums, viz., 

Ma?*" + Mo?—* + Mj*"^ + &c. + Ma? + M >, 
or, £= Aj^ + B j?"^* + Cjf-" + . . . + Pa? + Q ; 

hence, M. r— > or = <f)(a?) ; 

a?— 1 

and supposing x > 1, it obviously follows that 

M.— f >4»(«)./ 

Now, or : 7 ::af"*-* : 7. 

X — 1 a? — 1 

M 

If 0? — 1, and therefore x be exceedingly great, then r is very small, 

u? "■ X 

converging to «ero, while of ""^* is either unity (when m s= n — 1), or 
exceedingly great (when m <,n — 1) ; therefore a?*"^"* is incom- 

M 

parably greater than =-, and by proportion af must be similarly 

a? ■" A 

far greater than =-» and for a stronger reason greater than <{> (a;). 

a?^ 1 

M 
To make dT**"** > ■ , we have only to suppose (a? — !)•-"•-* 

M -^ 

, which gives a? s= 1 + M*~*) this value and much more any 



a:-l 

• • - # 

greater value of x will render af > <t>(a?)» 

Exaniple. Assign to x such a value that a^ > 7a^ + ^x + b. 
Here m::=il^ n— m=l, hence 07=8, or upwards, will have the 
desired effect. 

5. When the terms of an equation are properly arranged (Art. 8.) 
we may assign to x values so greaty that any term may be made far 
greater than the sum of all the succeeding ; this we have seen in Art. 4. ; 
and with respect to the terms precedingt we have an analogous theo- 
rem, viz. 

b2 
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Proposition II. 

Positive values so small may be assigned to d?, that the corresponding 
values of of shall be incomparably greater than those of any function 
of X consisting of powers of a? higher than the nth. 

Let Ay"+ BaH"' + CatT^ +..... Vafi'^ + Qa?« be the given func- 
tion, where m'^n. 

Denoting this function by 4> (j?), and supposing M to be the greatest 
coefficient, we have as before, 

MiT + Mjr+» 4-Ma;^+«, . . . + Mo^"* + Ma* > or =<{) (j?). 

Hence, if we continue the left hand member to infinity, which will be 
convergent when j? < 1, we shall have 

M.r" 
Now, «* : r — : : 1 — j? : Mj?**"*, 

1 — jp 

as X diminishes between 1 & 0, a;"*~" also diminishes, converging to 
zero, while I — x increases, converging to unity ; therefore the ratio 
\—x : Mx"*'* continually increases, and when x is sufficiently small, 
may be made > than any assigned ratio. Hence, ai* is then incom- 

parably greater than • , and d, fortiori than <}>(a;). 

1 M 

Put 0? = - , then 1 -« : Ma;^"* : : y— 1 : _ , ■ ; and now to make 

y- ^ >^;;r:^P P^t it = ^_i),.„,t > which gives y = l + M"— ; 
therefore ; — , and a fortiori^ any smaller fraction when put for 

a? will render of" > 4^ (jx). , 

Example. Assign to x such a value that 3x > Sz* + Ojr*. 

1 
Divide, first by 8, then M = 8, m— nsl, hence a;=:j,orany 

smaller fraction will answer the condition required. 

6. These two propositions teach us what terms in a rational function 
are the most important when values exceedingly great or small are 
assigned to a?, viz. : in the former case, that which contains the highest 
power of d? ; in the latter, that which contains the lowest. 

To obtain a clearer insight into the reasoning of the following articles, 
it is advisable that the student should practise the tabulating of for* 
mulse, or, which is the same thing, the tracing of functions. 

If, for instance, <t)(^x) is a function or formula to be tabulated, put for 
X successively. . . — 5A, — 4A, — 3A, — 2A, — h, 0, A, 2A, 3A, Ah, 5A. • . . 
and register the corresponding values of (a;): the greater the number 
of terms to the left and right of zero in this arithmetical progres- 
sion, and the smaller the common differeuce A, the more perfect will 
be the table. 
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Example 1. Tabulate the formula x'— 5a:=: ^ (j) 



I. J? = 


5 


4 


3 


2 


1 





-.1 

6 


-2 

14 


- 8 


- 4 


- 5 

50 


W = 





—4 


-6 


—6 
1 


~4 





24 


36 

- 2 

14 


II. X = 


i 


2 


i 


+ 





-i 


- 1 


- i 


- \ 


(x) = 


-V 


—6 


~v 


—4 


-■ t 





V 


6 


V 



&c. 



Example (2.) Tabulate jf'—3ar« + 2x=0(j?) 
Example (3.) x*— 4 x=0 (j?) 

Example (4.) ^ ^ =0(3?) 

In the table marked I. the value of /i is 1, and in that marked II* it 
is \ ; and an inspection of the consecutive values of ^ (a?), in both tables, 
from x:=z2 to .v=: — 2, \vill show how much nearer these values are, in 
the table where h has the smaller value. 

7. In thus tabulating (x), if ot were any particular value assigned 
to iT, the next value in the series would be o(+^ and the result in this 
case, namely, 0(a+A), may be derived from the preceding result 
(0() by the following theorem. 

Proposition III. 

Let 0'(a) be that rational and integer function of cr, which is derived 
from ^ (or) by multiplying each term of the latter by its index, and then 
diminishing the index by unity, each term retaining its proper sign. 

Let 0"(a) be that which is derived in the same manner from 0'(ar) 

0'"(«) 0"(«) 

&c. 

Then shall 



+0"'(«). 



.0"^->(«). 



1.2 

h* 



1.2.3 ' '^ ^'''' 1.2.3... n 

For let the given function which is represented by (<r) be ^ 

a"-f Aa'-' + B j;"-«+ +P J?+Q = (x) 

Then 

<^(e»+A)=(«+A)"+A(«+A)"-* + B(«+A)-«+.., + P(«+/0+Q. 

Now expand each term by the binomial theorem, and let the whole 

be so arranged that like power of A stand in the same vertical columns. 

Hence 

A" 
0(c«+A)=«"+n«""'.A+w.(n— 1)«"-*. ... f-5+....naA"l' + /4" 

+ Aa-»+(n-l)Aa-'.A+(n-.l)(?i-2)A«— r^+...AA"-» 

+ Ba-«+(n-2)Ba-».A+(«— 2)(n-3)B«-"T^ +. . • 



+ 

+P«+P.A 

+Q 
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The first vertical column does not contain h^ its Talue is 
«"+ A «*"' + B «""■+.. •+P«+Q, or which is the same thing (a) 

The coefficient of h in the second vertical column is 

na"-'+ (n-1) A or-»+(n-2) B «"-'+ . . +P 

which is derived from (p (a) by multiplying each term by its index, and 
diminishing that index by unity ; it is therefore <p^(oOi && defined in the 
announcement of this proposition. 

And in the same ws^ the coefficient of r— r, in the third vertical 

column, is derived from (f>' (a) in the same manner that the latter was 
derived from (a) ; it is therefore 0"(a), by the notation agreed upon 
in the proposition. 

We have thus a simple and condensed mode of forming 0(cr+^) 
from (ce), and arranging it according to the ascending powers of h. 
0' (a) is called the first derived function of (a) 
ff}" (a) is the first derived of 0' («), or the second derived of (ex) 
0"* (a) is the third derived of 0(ce), and so on. 
It is obvious from the proof that the general formula of this article 
holds true whenever (x) is an aggregation of terms involving any 
powers of <r, whether negative or fractional, but in the theory of equa- 
tions those powers are most commonly positive integers. 

Example. Let (<r) =s3i*'^3a^+2x 

When J? = a = 1 (ar)= (a) = ; it is required to find the value of 

(x) when xtss rrr =«+ A, where A=. — 

We have («)r=«8— 8a«+2a=0 

1st derived function 0' (a)r=3 ofi — 6a-f 2 = — 1 
2nd derived*., , • . . 0" (cr)=6 « — 6 =0 

3rd derived. ...... 0'"(cr)=6 

Hence 0(a+A)=0(a) + 0'(«U+0"(«). j^ + 0'"(«). j^ 

= -.D99 

8. In the last example it was seen that when ^=10(j?)r=O, and 
when a? = 1.1 0(j?)= — .099 a value differing but little from zero, 
which was the former value. If h were taken, still smaller for instance, 

if A :=: rrr-r, that is, if«r=:1.01, the resulting value of 0(a?) would be 

still nearer zero than before, and by taking h sufficiently small, we 
make the result to be as near that produced by substituting unity for iT 
as we may desire ; this will be generally proved by the following 

Proposition IV. 

Every rational and integer function of on will produce an uninter- 
rupted series of values, which shall be nearer to each other than by any 
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assigned di^erence, however small, by merely assigning to iT a series of 
values with small consecutive difierences. 

For let a be one of the values assigned to x in the given rational 
function (x), and a+ A the next consecutive value of a?; the correspond- 
ing results by the substitution of these values for «r are (a) and 
(of+A) respectively. Now by Prop. III. 

(«+«=0 ((*)+0'(«). A+0"(«). j^g + r' («) Y^ + 

+0"/w(„). ^" 



• • • • 



1.2.3. .n 



the meaning of the accented functions being the same as that described 
in the preceding article. 

The part of this last expression enclosed between the bracket^ is a 
rational and integer function of A, and all the coefficients of the powers 
of h are finite numerical quantities, except when 0'(a)=:O, which, at 
present, we shall suppose not to be the case. 

Now by Prop. II. a value so small may be assigned to h that the 
first term, viz. A, may be niade incomparably greater than the aip<)unt 

0''(«) h* ^'"U) K" 
of all the succeeding, viz. -^j^yY^ + -^y^ ^^^ + &c. 

Hence- the difference between ^(a+ A) and 0(a) may be made to 
differ by as small a shade as we please from 0^ (o() • A ; and it Is clear 
that, by giving very small values to h, this may be made less than any 
assigned quantity. 

But if 0' {pt) vanished, a similar reasoning would lead us to the 
same certain conclusion, for then 

and the terms ai^er A* between the brackets may, by Prop. II., be 
made to bear as small a ratio to the first A' as we please, so that the 
whole may be represented by A: A", where k is exceedingly near to unity, 

hence 0(a+A)— 0(«)r= --■ . 0"<«).A*, which of course can be made 

less than any assigned quantity* 

And in the same manner we could continue to reason if <!>" (9) 
vanished as well as 0' (a), and so on. 

But may not all the accented quantities vanish ? No, for the last term 

A* 
0///('») (of) ^^ {9 exactly A", as will be immediately seen by referring 

1 .2. .71 

to the manner in which the functions 0' (a), 0" (a), &c.i are formed. 

Therefore, by taking A sufficiently small, (of+A) must differ from 
(«), and that difference may be made less than any assigned 
quantity. 

This proposition shows that (j?), which is here used for a rational 
integer function of j?, is perfectly continuous, that is, while the results 
are always real, the difference («+ A)— 0(«) and «— A)-*0(flf) 
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converge to zero, as h is made to diminish continually towards the 
same, whatever » may be. 

9. In assigning to x an indefinite series of values which consecu- 
tively differ from each other by only very small quantities, the resulting 
values of ^ (a), when tabulated, present to the view the nature, if 
we may so speak, of the function ; these results may sometimes go 
on successively increasing, at another stage they may commencer to 
diminish, and continue thence to diminish, up to a third stage, where 
they again may recommence to increase, and so on, or they may go on 
continually increasing or diminishing. At tlie stage at which the 
function ceases to increase and commences to diminish, it is said to 
have acquired there a maximum value, which, however, is not to be 
takeii as absolutely the greatest of all the values in the table, but only 
of those which immediately precede and succeed it in the determined 
order of tabulation. In Ihe same sense the function is said to have 
acquired a minimum value when, afler decreasing, it has arrived at a 
stage whence it commences to increase. The least of all the minimum 
values of which the function is susceptible is called the absolute mini- 
mum, and the gp'eatest of the maximum values, the absolute maximum; 
the true characters by which we can recognise when a function has 
really attained its maxima or minima values, will be given a little 
further on ; the preceding observations will however materially tend 
to the comprehension of the full force of the following 

Proposition V. 

If A and C are two different resulting values of a rational and integer 
function (j?), which are produced when two quantities ex, 7 are sub- 
stituted for iT, then if B be any number chosen intermediate between 
A and C, it will be the result of the substitution of some quantity /3, for 
jr, which is itself intermediate between oc and 7. 

Let 0e be the least of the two quantities a, 7, including under this 
designation a negative number relatively to zero, or a positive ; in other 
words, let 7 — « be positive. 

Again, suppose first that the result A is less than the result C. 

Now when of\-h^ oc+2h, a+Sh, &c., are substituted in the func- 
tion for iT, h being a very small common difference, it is pomble that 
the results, instead of increasing and thereby approaching to C, may 
commence with diminishing; but they cannot continue so to do in 
the interval from x:==oc to xz=:y^ for then they could not ultimately pro- 
duce the result C without a breach of continuity ; which is contrary to 
Prop. IV. 

They must therefore either increase all along between the above- 
mentioned limits, or, if th^y commence with diminishing, they must 
arrive at one or several minima values : from the last of which (that 
is, the minimum for which the corresponding value of <r is nearest 
to 7) the results necessarily increase uninterruptedly up to C whend7:=y. 
All values therefore intermediate between the absolute minimum and 
C, are then passed through at least once, and therefore by a stronger 
reason all values intermediate between A and C, are necessarily passed 
through once or oflener in the actual limits of the series of values given 
to x; some quantity /3 between these limits (or it may be several) 
necessarily corresponds to the result B. 
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A similar train of reasoning would manifestly apply to that case 
where C is the least of the two given results. 

10. By the theorems announced in the preceding propositions, we 
are enabled to trace rational functions, and observe the values of which 
they are susceptible ; we can thus know whether a possible or impos- 
sible condition is imposed when such a value is to be assigned to x 
that (j?) may acquire a certain given value ; for uniformity this given 
value is made to be generally zero ; if it were otherwise, as 7, we may 
bring it to zero by transposing 7, that is, subtracting 7 from (jt) (vide 
Art. 3) ; should the condition thus be possible, it must be verifiable by 
some value or values of x from — go to + oo (which are usually termed 
real) ; and should it be impossible, it is a curious and interesting fact 

that an algebraical value of jt, of the form a+^V—l (called imagi- 
nary), where a and fi are real quantities, may then be found, which 
shall fulfil the condition which it was impossible to fulfil by real 
quantities ; this part of the subject we now proceed to consider, first 
observing that the quantity, real or imaginary, which when put for x 
would verify, or render identical, the equation ^ (j?)=0 is called a root 
of that equation. We use the indefinite article, for there is nothing in 
the preceding investigations to show that there may not be several dif- 
ferent roots, and, farther on, we shall see that such there generally are. 

Proposition VI. 

Every equation of odd dimensions has a real root. 

Let ^(j?)=x"+or*~*+6n*""+ , • . , +pa?-h9=0 be the given equa- 
tion where n is an odd number. 

Now we may assign to j? a value so great and positive that 
0?" > aj:""'-h6j^"*+ .... &c. in quantity, by Proposition I. 

Hence the function x"+fla?*~*+6jj""'+ &c. is then positive. LetP 
be this value of <r, and -hA the resulting value of (j;). 

Again puta::=— 3^, and observing that the odd powers of negative 
quantities are negative, and the even powers positive, the function then 
becomes 

-(y"-«y""»+V"*-&c.) 

Now by the same proposition a value so great may be assigned to y 
that in quantity y*>«y"~' — 6y*'''-|-&c., and therefore 

— (y" — ay""' + 6y"~" — &c.) is negative. 

But this great positive value of y is equivalent to a great negative 
value of jr, which therefore rienders a?"+ax"~*-f- &c. negative. Let 
— Q be this negative value of .r, and — B the resulting value of 0(x). 

Hence by Prop. V., there exists a real quantity, intermediate to P and 
—Q, which shall render ^ {x) any quantity intermediate to A and-> B ; 
let this intermediate stage be zero, and the corresponding intermediate 
quantity between P and — Q by which it is produced is theu a root of 
the given equation (j7)=rO. 

Cor. We may further easily perceive that this root has a sign con- 
trary to q the last term of the function. 

For if we put a;=0 the result is q : suppose this positive, then put 
ir= »Q, and the result is — B, which is negative, hence the interme- 
diate result zero is producible by a quantity between : and— Q, that 



10 THS THEORY OF EQUATIONS. 

is by a negative root pn the same manner, if g be neg^ative« there must 
be a real root between O and +P> since the latter gives a positive 
result. 

Proposition VII. 

Every equation of even dimensions, of which the last term is nega- 
tive, has at least two real roots, one of which is positive, and the other 
nep^ative. 

Let (j:')= Of* 4- «-»*'*+ &«»*"*+. • • • +p^ — ^=0 be the equation. 

Let X be taken so great and positive that af>ajf~* + fcj^~' &c,; 
abstracting from the sign of the latter, let P be this value of x^ the 
resulting value of 0(.r) must be some positive quantity +A* 

Again put j7=*->j^, then 

* (a?) =y- - «3/"-> + V' • • • - W - 7 

Let y be taken so great and positive that y*>ay*~'— iy""^ &c., and 
suppose Q to be this value of y, aiid the resulting value of (x) is 
then obviously also a positive quantity as + B. 

Lastly, let zero be put for a?, the result is the negative quantity -^q. 

Therefore, first, between and +P there must exist a real root by 
Prop. V. ; and, secondly, another real root must lie between O and 
..— Q ; the former is evidently positive, the latter negative. 

IL Equations in which the last term is very small, compared with 
the coefficients of the other terms, have always real roots, which are 
also very small, as will be seen by the following 

PaoPosiTiON VIIL 

Let an equation, (a;)=:0 be divided by the coefficient of x, so as to 
be reduced to the form 

^ic+j?+aj!:*+6a;°+ca?*+&c.r=O=r0(ir) 

Suppose that k is less than ,- where M is the greatest coeffi- 

1 

cient, then the equation has a real root less than - — =-r, and of a sign 

contrary to the absolute term —v. • 

First, suppose —k to be actually negative, then J?=0 renders 
(a;)=: — K a negative quantity. 

Again, a value ct for x would manifestly render (;x) positive, if it 
could make — K+ar— M**— Mj^ — Mjt*, &c., ad inf. to be zero, sup- 
posing this value of 9 to be less than unity. 

Put therefore — fc+a— =0 

1 — a 

Hence (M + 1) «»— (I+ic) «+ic=;0 

1 + ic 



A/iV2(l + M)j 1 + MJ 



" 2(1 + M) 

"^ 2 (I+M) {l + ^"-V(l+2^+«:«-4i:(l + M)} 
This value of a is obviously real, since 4< (I +M) < I, and the part 
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under the radical sign is greater than y ic* + 2 »c, and therefore >fc, there- 
fore » is less than ^r-rz — ttt* and since ot put' for x makes (x) posi- 

2(1+M) 

tive, and zero makes it negative, there is a real root between and a, 

and therefore less than t-tt — ttt. 

2(1 + M) 

Tn like manner if the absolute term were k instead of — k, putting 

x= —y^ and changing all the signs in the resulting equation, we should 

1 
find y less than^-rr — rjr» and therefore x would be between zero and 

I 



2(1 + M) 

Proposition IX. 

12. If such a value may be assigned to x as shall make a rational 
Aincticin (j?) to become a maximum or minimum, this value will be a 
root of the derived equation 0'(^)=O. 

Let a be such a value, and suppose the function to be then a mini- 
mum, we must have 

(«)< iot+h) and < (« - A) ; 

therefore 0(«-|-A) — 0(a) and 0(a— A) — 0(af) must have the same 
sign when h is sufficiently small. 
Or by Proposition III. 

aiid-0'(«) . A+ 0"(«).:j^ - ?!'"(«) . Y^ + &c, J ''^"'- 

Now by Proposition II., a value so small may be assigned to h that 
the first term in each series may become much greater than the sum of 
all the others, consequently these series cannot have like signs unless 
0'(a)=rO, that is cc must be a root of the derived equation 0'(j:)=O. 

The sign of each series will then be the same as that of 0'^(a), this 
must therefore be a positive quantity for the minimum ; and the same 
proof shows that it would be negative for a maximum, unless it were 
altogether to vanish, then the same reasoning would show that ot was 
also a root of the 3rd derived equation, and the same criterion might 
be applied to the 4th derived function 0'' (») to determine whether 
(a) was a maximum or minimum, and so on. 

Example. Let (a?)=jc* + 5i? 

then 0'(ar)=:2x+5 

The sign of 0''(<r) is positive, and therefore 0(<r) is susceptible of only 
a minimum, and not of a maximum value ; this minimum occurs when 

5 25 

0' (j?)=0 or a;= — =--, and its amount is — — . 

Example II. Let 0(j?)=:a?— 27j7 

0'(a:)=3j^— 27 0"(a?)=6jr. 
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If0'('^)=^ ^c obtain a?=+3, or —8, the former making 0(<r) a 
minimum, the latter a maximum. 

Put, for instance, — 2, — 8, — 4 successively for j?, and register Ihe 
corresponding values of <t> (<r) ; they are +46, + 54, +44. 

Thus we perceive d7= — 3 makes 0(j?) a maximum relative to the 
values preceding and succeeding it, but not an absolute maximum, 
since x may be made so g^eat and positive, that 3^ may be incomparably 
>27j?; for a similar reason 07=3 would not produce an absolute 
minimum. 

In short, no rational function of odd dimensions is susceptible of an 
absolute maximum or minimum, as appears by the demonstration of 
Proposition VI. 

13. But every function of even dimensions is susceptible of an abso- 
lute minimum, as appears by the following 

Proposition X. 

# 

Let .T*+flj5""* + 6a;""*+ &c. =0(r) be a rational function of even 
dimensions ; and M the greatest coefficient abstracting from its sign. 

No real value can be assigned to x which shall render (j?) less 
than the least of the two quantities — Mw and — M{(n — 1)M}""\ 
that negative quantity which is most remote from zero being considered 
least. 

For n being even, whether to x we assign a positive or negative 
value, we have 0(a;)>J?* — M {a;*"*+j^~*+. . . .jj'+jj+l}. Now if 
we assign to <r first a value less than unity, then evidently 

l+a;+j'*+ . . . .a;"~*<?i 

therefore <f>(x)>x* — M/i 

and X* being positive, it follows that (j?)> — Mn, when for x we put 
any quantity between +1 and —1, inclusive. 

Again, if x>l, then 7ia;"-*>a:"-'+j?"-«+a:"-'+a?«+ar+l ; 

therefore (a:)>a;"— w M x*''\ 

Now the minimum value of x* — n M j;""* is found by putting its 
derived function nx"^'* {x — (m — 1)M}=:0, which can only be satisfied 
by xzziO or xz=:(n — 1)M, the latter giving the minimum, viz., 
a;-'(x— nM)=— Mj;-*=— M{(n--1)M}— »; that this is the mini- 
mum we are assured by consulting the sign of the second derived 
function. 

Hence (a?)>— M{(n — 1)M}''"* for all values of x from 1 tooo 
and from — 1 to — a>. 

Thus it is easy to observe the nature of the continuity of the values 
acquired by functions of even dimensions. When x is very great and 
positive, (f>(x) is great and positive; as x diminishes, </> (j?) also 
diminishes towards a minimum, to which it aflerwards arrives. If this 
be not an absolute minimum, and we continue to diminish, r, (j?) 
then increases towards a relative maximum, after which it must again 
diminish, and so on, until it arrives at an absolute minimum, after 
which, if we continue to diminish or, so as to make it approach r— oo, 
<P(x) increases towards + oo beyond any assignable limit. 

Let us suppose y to be the absolute minimum of (j:), and 7' be 
any quantity less than 7, the equation ^(x)=7' is not verifiable by 
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any real value of x from — co to + od, in other wordsi the equation 
(x) — y ssO has no real root. 

Example. Let (x)ssj^ + ax 

Then ^* (x)sz2x+a ^'{x)=^2f we have therefore an absolute 



a , ^ a* 



(because the only) minimum, when «= — r- ; therefore 7 = — j-: 



2 ' • 4 

a* 



hence if o^+ax^y'^ where y is less than — —, the equation will have 

no real root ; the term hss^ when the sign is retained, indicates that 
quantity which, subtracted from the other, would give a positive re- 



mainder. 



^ Proposition XI. 



Let (jt) be a rational function of x, and ^'C^) its derived function, 
and 7 a quantity introduced. 

Divide («r) — 7 by 0'(^) ^" ^^® manner of finding the greatest com- 
mon measure; the remainder, which will be of lower dimensions than 
0'(j7), being the next divisor, and 0'(x) divided. 

Continue this process until x disappears in the final remainder, which 
is a function of 7, as F (7). 

Then the real roots of the equation F (7)= will be the general 
maxima and minima values of ^(x), and when there is an absolute 
minimum it is the least root of this equation, the term less having 
reference to the sign. 

For the value of 7 rendering the remainder equal to zero, it fallows 
that (j?)— 7, and ^'(x) have a common measure, such as x — a, which, 
if the corresponding quotients were P and Q, would give 

(*)— 7=(J?— «) P 
4>'{x) =(a:-«»)Q, 
and putting a for a; in the identities, 

we have («)— 7 *= ^ 

0;(«) =0 
the latter equation showing that (a) is a minimum or maximum, and 
the former that 7 is the value of this minimum or maximum. Conse- 
quently the absolute minimum, if such existed, would be the least value 

of 7. 

The process described in this Proposition is to be followed exactly 
similarly to that of finding the ^eatest common measure of algebraical 
quantities, namely, by introducing factors into the dividends to avoid 
fractional forms. 

Example L Let 0(x)=a:'+aj; 

4,Xx)=z2x+a 

Actual division 2«+a )2j^+2ar— 27(1? 

2«^-i- ax 

oj? — 27 
Multiplied by 2. 2ax — 4y(a 

2/M?+a* 

— a'— 47 
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The final remainder is therefore (with sign changed), 4y + a\ and 



a* 



if we put this = 0, we find the absolute rainimum y = — -t^« 

Example 2. (a:) = a;* -f or 

3x* + a)3jt» + 3aji3y(a: 
Sjc'-f ax 

2ax - 3y)6aj^ + 2i9(3j? 
6ax'' •— 9yj? 

9yx -I- 2a* 
I8ayx + 4a«(9y 
ISflyi?— 27y' 



27y + 4a» 
Thus the relative max. and min. are the roots of the equation 




In like manner we can find how many aire maxima and how many 
minima, for <f)''x being positive for a maximum, and negative for a mini- 
mum, we have only to proceed in the same manner for finding the greatest 
common measure of <p'(^) and 0"(a7) — /8, until we arrive at a remain- 
der independent of Xj which therefore is a fiinction of /3, which, if we 
equate with zero, the number of positive values of j3 is the same as the 
number of minima, and that of the negative is the number of maxima 
values of the given function <p (a;). 

Example* <}> (a?) = a^Sa^x + b 

^(*) = S(J?» - a«)'; <t>"(j?) = 6* 

Hence, rejecting the multipliers 8 and 6, we proceed as in finding 
the greatest common measure of cT* — a* and a? — /3 ; 

(a?-.)3)a« — a«(a? + /3 

/Ir— a* 



/3" - a\ 
Now the equation /3* — a« = has two real roots, one positive* the 
other negative ; hence, 0(jr) admits one minimum and one maximum, 
and no more. 

Proposition XII. 

16. If by assigning a series of real values to a:, any function of a? as 
4>{x) attains a minimum v alue when xaa^ it can be rendered yet less 

by making a? = « + A + W— 1 when h and k are very small ; the sign 
of h being + or — , according as the first derived function of <()(r), 
which does not vanish when <r:= « has the same sign with the suc- 
ceeding derived function, or a contrary sign. 

For if we separate the imaginary from the real part of 0(cp + A + iv -^ 
the expansion of this fiinction is 
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0(»+A)-^'(* +A) . iL + 0'' ix + K). j-^5^ - &c. 

+ AVri|<{,'(,+A) - 4."'(»+ A). ^ + <!>' ^* + A) . 2X4:5 " ^'^j 

Now suppose a; ==: «, then 0'(a:), or ^'(a) =r 0, which is the con- 
dition necessary that <P (x) should be either a maximum or a minimum. 

And it is peculiar to a minimum that 0"(x) or 0^' (0) may be posi- 
tive unless it also vanishes, which we need not at present suppose to 
be the case (for the subsequent reasoning would then similarly apply 
to the next derived functions, since it would be then necessary that 
0^'' (ff) =s and 0'* (a) be positive ; and if 0'^ (a) also vanished, we 
should extend the same reasoning relative to the next two derived 
functions, and so on). 

Now 0(* + A) = 0(ap) -f <(>' («). h + 4>"(«) . ^ + Ac 

1.4 

and 0'(* + A) = 0'(^) + 4>"(«') • h + 0'"(*) • 1^ + &c. 

Making j; =: « in these expansions we find 

rnierefore, 

- *"("+*>• o + *"(«+*> • 1:^4 - *''• 

- 0"' (« + A) . -^ + f («+ A). 2X475" *'•} 

Now in order that this function may be real, it is necessary that the 
quantity between the brackets may be zero. 
Next suppose that k is taken very small, then 

0"(«).A + 0'"(cr).-j^&c. 
may be made as small as we please, and putting it 2= 1: .^ — ^— — ^ we 

have — K + A« — V/ ■ t( • T-r + &c. = 0. 

^'"(a+A) 4.5 

Uenee» by Prop. VIIL^ A' will have a real positive root to satisfy 
this equation, provided k be essentially positive ; that k, provided 



'(«).A-f-0^"W.-^ + &c. 
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A* 
^"(a).A + ^*" («)o^ &c. has the same sign as ^'^^ («+A) • or finally, 

that h haB the same sign as ^>.>(,)+.^w(^).; &„. ' """^ ""** * " 

supposed very small, the sign of this fraction is the same as that of 

^^77— , therefore h must be positive or negative, according as ^"(«) 
^ (a) 

and ^"{ol) have their signs like or unlike ; and this we have supposed 
to be the case in the Proposition. 

But it" having a real positive value, it follows that Ic has also a real 

positive and another negative value ; therefore ^ (a 4- /^ •\-1CiJ^ 1) will 
be a real quantity. 

Now If = A;" — ^-fffz — -T-r . 7—- &c. = AAr suppose. 

(«+/0 4,5 *^*^ 

whence we see that h is of the same order as ArS the limit to which the 
fraction — approaches as h diminishes, being — or ~ffk-\> (putting 
A =: for the extreme case.) 

s 

Substitute for A its value ~ . A:* in the expansion of 0(a+A+ W- 1) , 

and observmg that the imaginary part has been made to vanish, it 
becomes 

^(«)-^"(«+A). ^ + ^"(„+A).^-iL-_._&c.+ ^.^"(«) . k* + 

&c. 

Now 4" (« + A)=0"(«)+ *'"(«) . 4-- ** + &c- 

ll 

Hence ^ (« + A +W^) = ^ («»)-^"(«).r^ + D.i5f*+ E.ifc*+ &c. 

pulling, for abridgment, D = - ^'fi<^) + O^+g^T- ^" («)• 

E = 

Now ^"(a) being essentially positive, it follows that ^(a + A+ Arv - 1) 
< ^ (a) ; and from what has been observed above, it is clear that we 
should find the same result if 0"' (a) = and (f^" (a) were positive, 
which circumstance is then essential to a minimum. 

Corollary. By a similar process it maybe shown, that when a series 
of values are put for x in the function <^{x) until it reaches a maximum, 
it may be made to increase above this maximum by giving the corre- 
sponding value of xan imaginary increment similarly determined. 
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Example. Required to diminish the function 

below its minimum value. 

Here ^ (x) = .r"— 2j?*+i?-2 

0'(ar) =3j?»-4j + 1 

0"(a:)=6jr — 4. ' 

4 1 

Put ^'(j:) = or j:«-- .j?=: - ^ 

o 3 

wlience ar = 1 or jr =: - 

tS 

• 

in the former case ^" (a?) = 2, and in the lattee ^"(j:) = — 2 ; there- 
fore the former only gives the minimum value of ^(r), which is 1 — 2 
+ 1-2;= -2. _j 

To diminish the function below this we put x:=:l-\-h + kw —I, 
Hence (or) = - 2+ (A+ W^« + (h +k>f^y 
=r -2+/i«+A'-ifc*-3Aife« 

+ W^ (2A + 3A«- ifc«) 

To make the imaginary part vanish we must have 

k^ = 2A + 3/i« , 

which will be small and positive if h be small and positive. 

Then <l> {x) becomes ^2+ h^+h^ "(2h+Sh*) (l + Sh) 

==-2-2A~8A*-8A% 

a" (x)\ 
and since 7i is positive (the same sign as ■ ^^. ) , it follows that this 

wy 

imaginary increment A +^>'-"l given to that value (1) of x which 
corresponds to the minimum, succeeds in reducing the function below 
that minimum. 

16. In the preceding propos^ition, as well as Proposition X,, we have 
supposed that cases may occur in which not only the first derived func- 
tion vanishes for a particular value of <r, but also some of the succeeding 
ones for the same vahie : the following proposition will show under what 
circumstance any function of J? and m— 1 of its successive derived func- 
tions will all vanish for the same assigned value of ^. 

Proposition XIII. 

Wlien a is put for j? in a function fix), and in its m— 1 successive 
derived functions, should they all vanish it is necessary tbat {x — «)"* 
may be a factor of fix). 

For if we put a+ix—a) for Xy 

a + 2a(a? — a) + (-i^ — a)* for x\ 
o?+Sa\x - cr) + 3a\x -a) + a'' for a*, &c. 
it is clear that/(x) will be reduced to the form 

A,+A|(j?-a)+Ai(x-of)'-h....A«_i(a:-ar-*+A^(i?-.a)"«+&c.=:yi[.r) 

c 



18 THE THEORY OF EQUATIONS. 

Hence Ai+2At(jr— »)-(-3Aa(a?+«)'-f .... * 

....(m- l)A«_i(j?-a)"-*+mA„(a:-«)"-* &c.s:/'(x). 

Now when x is put equal to a, we suppose /(x) and fix) both io 
vanish, which manifestly requires that Ao=0 and Ai=0. 

Therefore jXx) =: A. (jj— «)* + Ag(j?— «)• + &c, 

that is,y][<r) in this case has a factor of the form {x «)'. 
If the next derived function, viz. 

2Aa+6A8(cF— «) + 12AXj?-a)* + &c. 
also vanish when r=a, we must have A2=0. 

Therefore, /(a?) srAaC J? — or)' +A4(2' — «)*+ *c« '""st have (x— «)' 
as a factor ; and by continuing^ this process, it follows in general that 
when a function with its m — 1 successive derived functions vanish for 
a?=«, then (a:— «)"* must necessarily be a factor of/(j?). 

Note, It is usual to say in this case that the equation y(j7)nO has m 
equal roots, by which it is meant, that/(j:) has m equal factors of the 
first degree, namely (j?— cr) (a-— a) (or — a). . . . .m times. 

* Example. Letyi[a:)=j?*—5j?'-f-8x— I, which vanishes when a:= 2, 
nence /'(^) =3jp*— lO.rH-8, . . also vanishes for j?=2, 

f"{x) r=6j?— 10 which does not then vanish. 

In this, therefore, /(j?) has a factor (t— 2)* or a?*— 4j?+4, which can 
be verified by actual division j?*— 4j7+4).r'— 5jp'+8j:— 4(j: — 1 

j;*— 4j^+4jf 

— j:*+4jt— 4 

— j?*+4t— 4 





17. By Proposition XII. we have seen that where the series of 
values belonging to a function of a of any dimensions ceases to diminish 
when real quantities are substituted for j?, a continuation of that series 
in the same direction, that is, diminishing towards negative infinity, is 
produced by the substitution of imaginary values ; and the next theo- 
rem shows that this series thus prolonged may be continued on unin- 
terruptedly, without ever turning back. 

Proposition XIV. 

An uninterruptedly decreasing series of values may be produced for 
any rational function of x of even dimensions, by the substitution of 

imaginary quantities y +5:v — 1 in the place of J?. 

Suppose (<r) to be the proposed function, the following notation is 
adopted for abridgment : 

Let P=^(y) _,^"(y).Jl+^|'(j,)._iL__te;. 



1.2 ■ ^'^'1.2.3.4 



z* 
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the accented quantities in the expansions denoting, as in Proposition III., 
the derived functions. 

Put y+2V— 1 for J7, then ^(j:) becomes 

^(3/ + 2>/^) = P+qV3i ; 

and that this value may be real we must have Q=0, and as Q is of 
odd dimensions in y, we can find a real value of y for any value r; 
thus y becomes a function of z, and Iherefore also P is a function of z. 

In giving particular values to r, and obtaining the corresponding 
values of y, which satisfy the equation Q=0, it is possible they may 
also make Q'=0, and then Q would be a minimum for this particular 
value of z ; in that case, by the preceding proposition Q must be of 
the form (y— a)* Y'(y), and "^(y) being of odd dimensions we can get 
a different value /3 for y, which, making f{y) zero, will also make Q 
vanish without making Q' disappear ; the case of Q being a minimum 
at zero and therefore Q' vanishing, we may thus dismiss altogether. 

In the equation Q=0 suppose z to become z-\-hy and y to become 
y-^ky Q becomes (as will be readily found by actual substitution) 

Q+(P'A+Q'A:)+ &c., which must still, equal zero ; 
and taking h and k very small, we have 

the first term of which is finite, since Q' does not vanish. 

In like manner we find that the real part P which expresses the 
value of 0(j7) becoDoes 

P+(F^-Q'A)+ &c. =P- Zr .A+A^^'+B.&^ &c 

and when h is small and of the same sign as Q', the decrement of P 

is — -^ — .^, the numerator being the sum of two squares^ cannot 
w 

vanish unless both ^=0 Q'=:0 ; but the latter case we have seen how 

to avoid. 

Thus the real functions of imaginary quantities do not admit of 
maxima or minima. 

It is possible that Q' may vanish without Q heing a minimum ; 
namely, if Q" also =0 in this case, the diminution of P would go on 
without taking for y a different root from a, which we have done when 
Q was a minimum, for k would then be of the form k=ph^-\-qh*, &c., 
and the new value for (t>(x) would be of the form P— pi^'+^i/**, &c. ; 
but whenever Q for a certain value of z is a maximum or minimum, the 
diminution of P can only be effected by passing from « to a different 
real root, which, as we have seen, will always exist in such a case. 

If we arrange Q and Q' according to the powers of y, and proceed 
as in finding their greatest common measure, we ultimately must come 
to a remainder containing only z as F(z), then all the values of z for 
which Q becomes a maximum or minimum are real roots of the equa- 
tion F(z) = 0: for the two equations Q=0 Q'=:0 subsisting simul- 
taneously, the equation F{z)=0 must also subsist, since it is merely 
the result of eliminating y between the former two. 

c 2 
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Hence the following mode of forming an uninterruptedly decreasing 
series of values for ^(x) below the absolute minimum to which it 
arrives when real quantities are substituted for x, 

.Put for J? y + zv-1, and taking z very small, we can by Propo- 
sition XII. diminish <I>{t) below its absolute minimum, and as little 
below it as we please, so that the new chain of real values arising is tc 
continuation below those resulting from the substitution of real quan- 
tities for J7. Continue, according to the present Proposition, to dimi- 
nish 0(<2:) by changing z through insensible degrees, the changes of 
y which correspond to small changes of z so as to preserve Q=0, 
will also be very small, until z arrives at a value which renders Q a 
minimum, and which is therefore a root of the equation F(z) = 0; in 
this case, for a very small change of js, y has a finite or sensible change, 
and the real value of 0(d:) or P has only a very small change, which 
we may take in the direction of its continued diminution, after which 
the corresponding changes of y and z will be again of the same order 
of magnitude, until z arrives at another value making Q a minimum, 
and therefore F(z)=0, when the process is continued as before. 

Q 

It is moreover to be observed, that — =0, from which the values 

z 

of y are derived, would not contain an absolute term unless <;^(:r) con- 
tained some odd power of j? ; but this may always be effected by the 
system of substitutions given in Proposition XII. 

Example. ^(jr)=:a?* — 4a:+6, 

when this function is at its minimum, 

<^'(j:)=4Cj?»-I)=0, or:c=l; 

thus ^(<r) = 4-3 is the absolute minimum by the substitution of real 
quantities for x. 

Put jr=y+zV^, and ^(j:) = P+Q/^ 

then P=y*-6yV + s*-4y + 6 Qr=z{4y''-4yz*-i}=iO, 

Hence, (y=4z{3y'— z'}. 

Now by taking z very small, we can get a real value for y, as in 
Proposition XII., by which P will be made less than the minimum 
value of(f)(x). 

Continue to increase z from zero upwards ; Q', being supposed not to 
vanish, will have the same sign, and therefore P will continue to dimi- 
nish: thus, let z=l, then the two values of y are very nearly equal, 
and to find when they become exactly equal, we proceed as for the 
greatest common measure : 

3y«-z03y'-3yz'-3(y 
3y'- yz« 

2yz«+3)6yV-2z*(3y 
GyV-f-Qy 

9y+2z~ 
lByz^+iz\9 
lfiyz*+27 

4z«-27=F(z)=0 

or 2=r-;3~=l»3 &C. =«. 



THE THEORY OF EQUATIONS. 21 

then Q will be divisible by {y — oc)* and the quotient equated to zero 
will give a different value for y, with which the diminution of P is to 
be continued. 

After passing this value of z, the case of Q' as rainimum will not 
again occur, and therefore P will continue to diminish rapidly ; thus, 

let. 2:= 10, then Q=40{y®— lOOy— 4} ory=10 very nearly; 
therefore, P=: -4(10)* -40 +6= -4036 nearly; 

and by continuing to increase r, the value of P continues to diminish 
towards negative infinity. 

The reader may revert to this subject of tracing the real functions 
of imaginary quantities when in possession of methods for the nume- 
rical solution of equations. 

18. Having thus discussed the mode of tracing functions by substi- 
tuting for 0? quantities real and imaginary, we distinctly see that </)(j?) 
is susceptible of any real value y ; and since for uniformity we take this 
quantity to be zero, it follows in other words, that when ^(j?) is a 
rational and integer function of o', the e quati on <^(a;)=0 has always a 

root either real or of the form a+/3^/— 1 called imaginary; also if 

(gg 4. /3>r^f ) =: P + Qs/"^ =: , then it is easy to see that 

0(j;^— ^V^^i) — P—qV— 1, and we have seen that Q is always zero, 

therefore the first equation gives P=0, which renders <^(a— /3V- 1)=0, 

and therefore imaginary roots are always couples of the form «±/3v-l. 

Proposition XV. 

An algebraical equation of n dimensions has n roots, and no more ; 
it may always be decomposed into the product of n simple factors, and 
into the product of some simple and some quadratic factors which shall 
be aways real ; some of its roots may be equal, and thus it may not 
have n different roots. 

Let </>(jf)=0 be the equation, and let dP=«i be a root : divide 4>{x) 
l)y ,r— on , continuing the division until the remainder Ri is free from x, 
and therefore only a function of oc : let </)i( j) be the quotient, and sup- 
pose x'=oci a root of the equation </>,(jr)=0: divide <^i( J?) by a:— a, 
until we arrive at a remainder Rj free from 72, let 0g(.T) be the quotient, 
which is of w — 2 dimensions, and continue the process until we come 
to a function of the first degree, which may be represented by 0„_i(jr) 
or JT — cr^. Hence 

^j(j) = Or- »«) 4}^(x) + R« 

0,(.r)= (a? - era) ii^aW + Rs 

Put x=ax in the first identity, xz=zoc2 in the second, &c. ; and since 
these quantities are the roots of 0(a:)=O, ^i(j?) = 0, &c., they make 
these functions vanish, therefore Ri=0, R8=0, R8=0, .••R,— ; 
multiply together the left and right members of these equations thus 
reduced, and divide the product by ^i(a?) . <^(J?) . ^s( j) . . . .^«-iW» and 
we get 
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^(r)=:(j-.a,) (jr-er.) (jl-ctz) (jT-flt.), 

whkh quantity vanishes when jr=:0ri , a% • • .or. ; and as no other quan- 
tity will make any simple factor vanish, and therefore would not make 
the product ^jt) vanish, it follows that the equation ^(wr)=0 has no 
more than these n roots, some of which however may he equal, so that 
^(jr)r=0 may have less than n different roots; but it can never have 
less than n simple factors. 

Thus, (j?— a)'r=0 is only true when jr=ff, it has no other root ; 
it has not therefore 3 different roots, but it is the product of three simple 
factors (x — a)(a:— a)(j?--a). ( Vide Prop. XIII.) 

Again, if a> should be imaginary, suppose it of the form /3i+yi V - 1, 
then there must be another root or^ as we have seen, of the form 

/3i — yiV— 1, hence 

which quadratic quantity being the sum of two squares, is essentially 
positive : by thus coupliog the factors containing corresponding ima- 
ginary roots, it is obvious that ^(;t) will be reduced to the sum 

^(«)=r(«-«,)(jr-aO(«-»f8). • • .(*-fl^i){(«-/3|)«+y,*}. 

{(*-/3.)'+y.'} 

and therefore tfi(je) is always the product of real factors, simple or quad- 
ratic; and the species of imaginary quantity which may enter the 
sohition of a quadratic is the only one which can enter the solution of 
an equation of any higher order. 

19. The roots of an equation (a:)=0 being either real or imagi- 
nary, our next step is to consider some method for discovering the 
number of real roots and the number of imaginary; for this purpose we 
give 

Proposition XVI. 
Siurm^s Theorem. 

Let (a?) be a rational and integer function of j?, of which 0' (x) is 
the derived ; divide (j?) by </>'(^)» i" ^^^e manner of finding the greatest 
common measure, only wilh the peculiarity of always changing the sign 
of the remainder before making it a divisor, and continue this division 
until it terminates, either by giving a final remainder independent of j', 
or by a divisor which exactly measures the preceding. 

These successive divisors after 0'(j) may be represented by 4>i (j?), 
0^(^)^ 0a W- Let A, B be any two numbers, of which A is the least 
(regard being had to its sign). 

Substitute A for x in the series of functions followins: 

(j7), 0'(j:), 0i (cT), 0j (j), 

and register in the same order the signs of the results. 

Count the number of sequences of two terms having contrary signs 
in this series of results ; suppose a that number, substitute B now for 
X in the ^ame series of functions, counting as before the number of 
variations of sigus in consequent terms, suppose it =6, 
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There must exist a — b real roots of the equation 0(a:)=:O, which 
are greater than A and less than B, and there can exist no other real 
roots between these limits. 

The process employed furnishes us with the following system of 
equations : 

&c. 

First, we shall suppose 0(j:):=:O not to have equal roots, or, which 
is the same, that the function ^ (j?) has no equal simple factors. 

Let a be a real root of the above equation, and suppose a — A, a+hy 
put fur J? in the series of functions 

They become for « — A 

(«)-0' («).A+0" C«)-;^&c- 

0' («)-0" («) • A 4-0'' («) . Y^ &c. 

&c., &c,, 

In each of which we may suppose /* so small that the sign of the whole 
will depend on that of its first term. 

Their signs arranged in order are therefore the same as those of 

— 0'(«)i +0'(«), 01 («), 08(«) &c. Since («)=0 

in like manner if «+A be put for a?, the signs of the results are the 
same as those of 

0' («)» 0' («)> 01 («)> 08 («) &c- 

Therefore, by varying x from a quantity a little below a real root to 
another above it, one variation of sign (to the left) is lost, that is 
exchanged for a permanence. 

We have here supposed that none of the quantities 0i («), 08(a), &c. 
vanishes, but if one of them did, this would not alter the number of 
Tariations of signs. 

Suppose 4>ni») to vanish, then since 

0n-i ( «) — Q«+i 0« (a) — 0«+i (») 

we have 0,^i(a)— — 0(n+i) (o^)» neither of which vanish, for if two such 
consecutive functions vanished, then tracing backwards by the equation 
0»-s(«)=Q»<^«-i(«)=<^"(«)' ^^ should have successively 0«-s(or)=O, 
0«-3(«)— 0)» &C'> "P ^^ 0'(«)— ^> which is contrary to the hypothesis 
we have made. Hence 0„_i (»), 0„+i (a) form a variation. 

Put now (K — h for » : when h is small, 0„.i (a), 0„+i (or) will have the 
same signs as before, which were contrary, and, therefore, whatever sign 
0„ («) may have, the three functions 0,.i («— A), 0„ (a— A), 0,+i (a— A) 
must either form first, a permanence, and then a variation, or first, a 
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variation, and then a permanence, in either case but one variation : thus 
no variation is lost by the vanishing of <{>, (a). 

If therefore x be increased by insensible degrees from j:= A to j:=B, 
every time its value becomes that of a real root of the equation (j:)=0, 
the series of signs of ^ (jt) (j>' {x) 0, (j?) </>a(j). . . . loses a variation 
and only then ; hence there are as many roots between A and B as 
there are more variations for A than for B. 

Suppose now there exist m equal roots for the equation 0(j)=O, 
then 4>Qc) has m equal simple factors, or 0(j:)=(x— a)"*. F(j:), the 
latter function as well as the former being rational and integer, put 
A'+A for X 

hence Xjt+A)=(aj-a4.A)'". F(j?+A) 
or 

(.r) + 0' ( j) . hy &c. 
= {(x— ar+m (j-a)"-^ A, &c.}. {F (jr) + FV).^+&c-} 

and equating the coefficients of h at both sides we have 

0'(j:)=(a:-a)"-» {(j?-»). F' (j:)+m F (j)} 

that is, if an equation have m equal roots its derived will have m — 1 
of them, as we have seen before iji Prop. XII. Now, since in this 
case 0'(j?) and 4>(ji) have a common measure (or — «)"•"*, if we divide 
(jjc) by it, we reduce it to the case of unequal roots, and the same 
reasoning equally applies if other sets of roots are equal. 

The same method as before applies in the case of equal roots, a, for 
in the expansions of 0(«— /*)> 0'(^ — ^)» the first terms which do not 
vanish have necessarily contrary signs, as is obvious by inspection of 
their developments, and they have similar signs when a+A is put for 
J*, the series of quantities (a;), 0'(a:), 0i (t), 0^ (j), . . . .0«-m Wt are 
71 — m+2 in number, and the number of c?//ferc;f< roots is 7i—wj + l> 
which is the greatest number of variations of signs in this series ; there- 
fore the number of different roots between A and B, is the excess of 
the number of variations of signs when the less quantity A is substi- 
tuted for X above that arising when B is substituted. 

It is easily seen that the same reasoning would apply if there ex- 
isted different sets of equal roots. 

Corollary. From hence follows an easy method of finding the 
whole number of real and of imaginary roots in an equation, when the 
number of the quantities (x), 0'(j?), 0i(j:), &c. is n+1, which it 
will generally be, n being the dimensions of 0(i). 

When +(oc), or an exceedingly great positive number, is put for x 
in this series of quantities, the signs of the results will necessarily be 
the same as those of the first terms by Prop. I. Let m be the number 
of variations of signs in consecutive terms of this series. 

When — (x) is put for x, the signs of those functions which are of 
even dimensions will be the same as before, but those of odd dimen- 
sions will be the contrary. 

There will, in the latter substitution, be therefore as many variations 
of consequent terms as there were permawences in the former, namely, 
71— ?w. 

And since all the real roots are comprised between these limits, their 
number by this Proposition must be (ji — 7n) - tw, or 7i'^-2m, 

Hence, the number of impossible roots is 2m; there exist therefore* 
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as many pairs of impossible roots as there are variations in the signs of 
the first terms of the functions 0(<r), ^'(•r), 0i(^), </>2(^)i &c. 

Example. Let <;^(x)=j^— 6a;« + 8j?+40 

0'(j?)=3jF«-12jr+8 

Multiply (j?) by 3 to avoid fractions, and in like manner the sub- 
sequent dividends or divisors may be multiplied by any positive number. 

3j:«-12jp+8) 3j»-18a:«+24j:+120 (a;— 2 

— 6a;»+16oC+120 

— 6ja+24a?- 16 

- 8a?-f 136 
divide by —8, which will change the sign, and we have 

a;— 17) 3jc*- 12^+8 (3j+39 
3j'--5l3? 

39i?+8 
39j?— 663 

671 
^,(x) = ^671 

The series of signs of the first terms of 0(j?), ^'(dr), 0i(j:), ^t(^)» 
is in this case + + + — ; there being one variation, the equation 
must have one pair of impossible roots, and therefore only one real root. 

Example 2. ^ (j?) = o^ — Spx+2q 

a^—p) Jj*— 3px+2q (j? 

— 2px 4- 2q 
<f)^{x) =1 px-q 



px—q) x*-p ( — +-^ 

\P P 



P 

^ * >„ 

^a (j?) =r p^ — q* for p* is necessarily positive. 

The series of signs of the first terms are the same as those of 
1, 1, p, p»-9« 

If |i be negative there is one variation, and therefore only one real 
root ; \fphe positive and /?' < g' the same thing happens ; if p" > ^" 
there are no impossible roots. 

20. Another theorem for finding the number of real roots of a given 
equation, which lie between two assigned numbers, was given by 
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Fourier ; its application is very easy, but it has the great fault of only 
indicating a number which the sought number of real roots does not 
exceed. The discovery of Sturm renders almost useless the tedious 
process by which Fourier sought to perfect his original proposition, 
which is as follows : — 

Proposition XVII. 
Fourier^s Theorem. 

Let two quantities, a, 6, of which a is the least, be substituted for x 
in the functions ^ (a:), </>' (j), <j/' (j), ^" (j:), &c., each of which is the 
derived of the preceding, and let the signs of the results be noted ; there 
cannot be more real roots of the equation <f) (x)czO lying between a and 
b than the excess of the number of alternations of signs which result 
from the substitution of a, over the number resulting from the substi- 
tution of b. 

Suppose a to be a root of the given equation, and h a very small 
quantity, and let a— A be put for a? in the above series of functions, the 
results are 

- <^' (a) . A + &c., 4/ (a) + &c., ^" (a) + &c., <^'"(«) + &c. 

Now let —A be changed to +/r, which is the same as putting a + h 
for <r, the result will be 

+ <^'(a) .A + &C.. ^' (a) + &c., <t>" (a)+ &c., «;^"(a) + &C. 

The two first terms in the former series give an alternation, and in 
the latter a permanence of signs ; and supposing hone of the derived 
functions to vanish when a:=:a, we see that an alternation of signs is 
lost by passing from a quantity a little below a root to one a little above. 

But this series may also be affected by the vanishing of any of the 
derived functions (being continuous, they cannot change signs without 
passing through zero). Suppose /3 makes 0'"^'") (x) vanish when sub- 
stituted for <r, and taking h very small, this part of the series of functions^ 
when /3— A and /3 + A are respectively put for x, will be 

^// («-i) (^) - &c., - </)'" <"•+») (/3) . A + &c., ^'" <~t^^ (/3) - &c. 

^^Mm+l) (/3) + &c., +0'"<"»+« (/3).A + &C., ^'"«".+l) ^ + &c. 

Now if 0" ^"-*U/3), <;^"^"+'H/3) have contrary signs, the first series 
will give an alternation followed by a permanence, the second a perma- 
nence followed by an alternation, the total number of alternations then 
is unaltered. 

But if ^' (•"-'> (/3), 0'" ("»+^> (/3) have like signs, the first series gives 
two alternations, the second two permanences ; in this case two alter- 
nations have disappeared. 

And if several consecutive derived functions vanish for any value of 
07, then it may be shown in the same manner that an even number of 
alternations disappear. 

By increasing therefore insensibly the .value of x from a to 6, an 
alternation is lost as often as we meet with a root of the given equation 
in that interval, beside which an even number of alternations may dis- 
appear when we meet with a root of any of the derived equations. 

The following example is taken from Fourier; 
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Given 0(j:)=j«-3j;*—24j;3+96j:«—46j?— 101=0. 

0"(:r) = 2Oj;»-36.r»-144x+19O. 
0'"rj:)=:aOj:'-72j?^144. 
0''^(:r)=:12Or-72. 
0;^ (x) = 1 20. 

57= — 10 Number of alternations of signs = 5 

J?=: — 1 . • • • . =:4 

*r— • u • • • • • *— o 

iiri-i-^ JL • • • • • sso 

ir= 10 . . • • • =0 

Hence all the roots are between —10 and +10 ; there is one real root 
between -~ 10 and —1, another between —1 and ; no root exists 
between and 1, and one at least must exist between 1 and 10 ; these 
substitutions leave us in uncertainty with respect to the other two roots, 
whether they also lie between 1 and 10, or are imaginary; Sturm's 
theorem is free from this capital defect. 

21. The rule given by the early analysts, Descartes, Harriot, &c., 
relative to the number of positive and negative roots, and which is 
proved in the Theory of Algebraical Expressions* ^ p. 14, namely, that 
the number of positive roots cannot exceed the number of alternations, 
nor can the number of negative roots exceed the number of permanences 
of the signs of the consecutive terms of the equation it contained in the 
preceding theorem of Fourier. 

For when is put for j, the signs of (jf), 0^ (a:), 0" (j:), &c, are 
evidently the same as those of the terms of the equation from right to 
left. 

And when x is supposed Exceedingly great and positive, the signs of 
the same functions are then all positive. 

Therefore there cannot be more positive roots than there are alterna- 
tions of signs, (Prop. XVI.) 

Similarly, when x is supposed very great and negative, the series of 
signs of 0(j;), 0'(ar), 0''(a?), &c., form only alternations, and their 
number is evidently the sum of the number of alternations and perma- 
nences in the terms of 0(j^)> and therefore exceeds the number of 
alternations for j?=0 by the number of permanences in the terms of the 
equation ; hence the number of negative roots cannot exoeed this. 

The same theorem comprehends another rule, given by Newton, for 
finding a superior limit to the roots of an equation, that is, a number 
greater than the greatest real root ; it is this : put a?=:^+tf, and assign to 
e, by trial, a value so great as to render positive all the terms of the 
transformed equation arranged according to the powers of y ; that 
value is the superior hmit. 

For by Prop. (3), the transformed equation deduced from (i^) s 

will be 

dUe) <U" (e^ 

0W+0'(O.y+^^yHf;^^ 

and since (c), 0'(c), 0'' (e), &c. are all positive for the assigned value 
off, no root of the equation (e)=0, or 0(j7) = O, can lie between this 
value and positive infinity. 

* Library of Useful Knowledge. 
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22. There are some remarkable relations existing between the roots of 
an equation and those of the derived equation, which, though not always 
useful for finding numbers between which the roots of the primitive 
equation lie, have considerable use in the theory of equations. 

Proposition XVIII. 

If the real roots of an equation (<r)=:0 be substituted in the order 
of magnitude, beginning with the greatest, in the derived function 
0' (j?), they \vill produce alternately positive and negative results ; or, 
in the case of equal roots, they will make this function vanish. 

Suppose a, 6, c, &c. to be the real roots, decreasing in magnitude, of 

the equation 0(j?)=O; and suppose a -f)8>y — l, a — ^8^^— 1, to be a 
pair of imaginary roots of the same, if any such exist. 

From the real roots are formed real simple factors of 0(x), viz., j*— a, 
iT— 6, a?— c, &c. 

From the imaginary roots real quadratic factors are formed, such us 
(jp— a)*+/3^. (Prop. 14.) These factors are essentially positive when 
any real value is assigned to a? ; the sign of (jx) is therefore the same 
as that of the product of its real simple factors. 

Now (x) is of the form (a: — a) .P, where P denotes the product of 
the remaining simple and quadratic factors, its sign depending only on 
the former. 

JLet 0' {x) be the function derived from (j?), and P* from P, we 
easily find 0'(a?)=r(j?-.a).F+P. 

The simple factors of P, viz. a? — 6, a?— c, &c. are all positive when a 
is substituted for t, and by the last equation 0' (x) is also positive. 

Again, we may put (a:) == (a: — 6) . Q, and therefore 0'(j)=r 
(jT— 6).Q'-|-Q ; and of the factors of Q, viz. x— a, «— c, &c. one only is 
negative when h is put for a?, namely 6 — a ; the substitution of 6 renders 
therefore 0' (jr) negative. 

In the same manner it will easily be perceived that the substitution of 
c for 0? would give to 0' (a?) a positive value, and so on. 

From this proposition we see that between two consecutive roots of 
the primitive equation (ir)=0, an odd number of roots (one at least) 
of the derived equation must exist. 

Also, that the first derived equation has at least as many real roots as 
the primitive, wanting one ; and the mth successive derived function 
has at least as many real roots as the primitive v^anting m, all which 
lie between the greatest and least of the primitive. 

When there exist p equal roots in the given equation, it is of the form 
(j?— a)''.R ; and therefore the derived is of the form (a?— a)P"*.S, that 
is, p — 1 of such roots descend to the first derived, and similarly jp — 2 to 
the second, and so on, and the same law holds if there are several systems 
of equal roots. 

If all the roots of an equation be real, all the roots of any of its de- 
rived equations will also be real. 

The converse theorems to those above given are not necessarily 
true. 

Example. 0(a)=a;"(I— j)". 

The equation 0(j)=O has n roots each equal to zero, and other n 
roots each equal to unity. 
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The nth derived equation is 

0-1 -iL !1±1 . 1 ^C^^-^) (^+i)(^+g) ,.«_ - 

0-1 ^. J .j:+ ^2 . ^2 .a ,&c. 

This equation must have all its roots real, and between and I. 

23. It is frequently convenient to make equations undergo trans- 
formations, which, as they in {reneral affect all the roots in the same 
manner, will produce, as coefficients to the terms of the transformed 
equations, symmetrical functions of these roots ; an abridged but 
expressive notation to indicate the symmetrical function which enters 
the process, with a little attentive practice, has the desirable effect of 
removing a mass of unnecessary labour, and of giving with distinctness, 
at a glance, the mutual relations of such functions. Perhaps the simplest 
mode of representing symmetrical functions is by prefixing the sign 2 
before one of the terms of the symmetrical fiinction, which is taken as a 
type of all the otberSj and from which they may be generated by merely 
changing in all possible ways so as to produce different combinations, 
the roots which enter that term, the prefixed 2 denoting the sum of all 
the similar but different terms thus generated, whidi sum is the sym^ 
metrical function to be expressed. 

Examples for Practice* 

Let ai, Oj, a,, • . • . a„ be the n roots of an equation of n dimensions. 

Let Si, S„ S,, • • • . S„ be respectively the sums of their first, second, 
third, &c. powers. 

Let ai, a^, Os, • . . .a„ be the sums respectively of the roots them* 
selves, of their combinations, two and two, three and three, &c. 

First example. Si=2flfi. a^^rZaJ. 

therefore Si — ai=:0. 

Second example Sa=2ai' 

but ai.Si is not the same as 2^1% it includes besides terms of the form 
ayci^y and each term not altering by permutation must enter twice ; 

hence aiSi=l'ai'+ 22aia8 ; 

and since 2as=2Saias, we have 

S«— aiSi+2flr,=0. 

Third example. S8=2ai'. 

— aiS8= - 2ai . Sai*=: — 2aj» - Sai'ai. 
£r,Si=:2a|Cr2 . 2ax=2a|'a'+ SXuiagast 

because the change of roots in the latter term produces necessarily three 

like terms; 

and since — 3flr,= — SZaiO^as, 

we have by addition Sg— aiSa+OgSi— 303=0* 
Fourth example ; m not greater than n. 

s«=2ar. 

— aiS«_i = — 2a,.2a ""'= — Xa"— Saiag""' 
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in each of which the last term of the ri|2^ht-hand member is the same, 
with a contrary sign to the symmetrical function which is the first term 
in the same member of the next identity ; but as the index diminishes 
in these combinations to m—l, m— 2, &c., successively, it will be 
reduced to unity, in the identity of which the left member is±a««iSi, it 
will not then be altered by puttin[^ successively all the roots for that 
with the index so diminished, and as the sign 2 implies that only 
different combinations enter under it, we must give this term a co- 
efficient m, or 

£(«^i Si^z^Sai OfOf . . • • a^.i H~^2ci|aiae • • • • eta, 9 

and by the addition of these identities we have 

which is a verification, by actual process, of the theorem of Newton for 
the sums of the powers of the roots, which has been proved directly in 
the Algebraical ErpressionHy p. 18, by Mr. Drinkwater. 

When m > n, the index under 2 in the last term of the right hand 
members never reduces itself to unity in all the equations where both 
the factors multiplied are polynomials ; it is for this reason that the 
theorem then becomes 

These forms of Newton's theorem have been long used, iirst to find 
the sums of the powers of the roots when the coelEcients of an equation 
af — a|a7"~l4"aaJ;""*— .... ±a«=0, are given, and, secondly, to find the 
coefficients when the sums of the powers are given, by both which pro- 
cesses combined the transformations of algebraic equations can be 
effected with scarcely any difficulty but the length of the process. 

24. The sums of the powers of the roots thus found are implicit, 
that is, expressed not explicitly in terms of the coefficients, but made 
to depend on each other by a formula of reduction ; they may be ob- 
tained explicitly by the following theorem. 

PftOPOSITlON XIX. 

Divide the lefl hand member of an arranged algebraical equation by 
its first term, or that which has the greatest exponent, the equation 
becoming then of the form 1 -i- P = 0, in which P contains only 
negative powers of <r. Take next the logarithm of this quotient by the 
formula, 

Log. (l + P)=:P-i. .p+i-F*. . . . ±— ?»», &c. 

2 3 m 

and commencing with the last- written term select the coefficient of 
x""^ in that and as many of the preceding as contain it; this quantity, 
when multiplied by m, and the sign changed, will be the sum of the 
mth powers of the roots. 

But if the equation be divided by the last instead of the first term of 
its lefl-hand member, and then the logarithm taken, &c. as before, we 
should thus obtain the sum of the inverse mth powers of the roots, by 
taking the coefficient of x"* and multiplying it by — «i. 

For let ai, a,, Oj, a„ he the roots of the equation ; decompose 

the lefl member of the equation into simple factors, it is equivalent to 
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(jr— ai) (a? — Og) (j? — a,). . •. . .(op — a„). 
Hence, dividing by x*, 

•+-=(- ^)(-^)(-t) O-T-), 

therefore 

Log. (l+P)=Log:/l - -7) + Log.(l - -j) + Log/l - •J)+ 

+^S-(l--^) 

_ a, 1 a," 1 a,» _ ^ "" A 

j^ 2 or'' 3 j:, w jp"* 

a« 1 a,^ 1 Og' la*; 

« 2 a» 3 a;* m x" 



T 2¥~3a^ m'ar~' 

_ is. , 1 S, , 1- S. . 1 s- ^ - 1 

g 

From whence it follows that ^ is the coefficient of j?"'" in Logf. 

m 

(i+p). 

In like manner, suppose the equation divided by its last term, which 
is the same as — ai.a^.as. . • .a^, and the quotient resulting from the 
left-hand member to 1+Q, we have 

Put now S_i = 1 ) h H 

oj a« a, a,. 

S,t = — 5+ '— ^ 5+ + — 5 

or at" 0/ a,'. 

• • • • • 

8^=i+i+i-.H- ,+i 

Hence Log. (l + 0)= -js^^.o? + -i-.S^.a?«+-i-.S., a?»+ 

+ — .S_«a*+&c.L 



by which the second part of the proposition is manifest. 

Example L — To find the turn of the direct and inverse mth powers 
of the roots of a quadratic equation, j?^+Ar+6=:0. 

By the proposition just proved we have 

— — .S«=! coefficient of a?~* in Log. |1 +f — "^""5)1 "J 
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Rejecting^ the terms which would involve negative powers after ar""*, 
and inverting the order of the terms; lastly, multiplying by —hi, we 
shall have 

S« = coefficient of x'^^in (-1)«|/'— + —X - -^, f~+ AY * 

l\ a? or/ m — 1 \ d? a* J 

r nN«J « «.«r , »n(m-3) _^,, m(m-4)(m— 5 
s=(->l)^|a:"-m.a^''6+ ^2 '^ ^ lT2.3 * 

the number of terms bemg — + 1, or — — , accordmg as m is an even 
or odd integer. 
Similarly, 
S-.« ^coefficient of a"* in Log. |l + ("jr»^+"r«^ )[ 

Therefore, S.,„ = coefficient of a?"* in (-ir {("y*^ + "T • **) 

= j~, which result is verified by recollecting that &"* is the product of 

the 9nth powers of the same two quantities, for which S^ is the sum of 
the mth powers. 

Example 2. — To find the sum of the inverse mth powers of the roots 
of the equation ar* — aa:+6=:0. 

Here we have 

— — .S,„ = coefficient of o^ in Log. *{ 1 — t (j^" ^") ( 

When the logarithm is expanded the only terms which may contain 
ar* are 

Therefore 

S.« = coefficient of a^ iu •r^|(flaf-0"+"-^ . h (flj?-*i")"'"* 

orn I m— 1 

fit 1 

+ — ^^ . 6«(aj-j?»)"-« &c. \ 

The general term of the series between the brackets is — 

ffi 

Now, (ax - a:*)"-* = a""' jT-* ~(m - k) a"-*-» j?^-H»-»- » + 
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the only values of k which would allow the existence of a term con- 
taining .z"* on this expansion are obviously 

A:=0, n — 1, 2n*-2, 3n— 3, &c. ; hence 
S.«=coefficie;it of oT in 4:((«a?-J?T+ — -^^ .6-*(aa?-a:")"*"""*'' 



= :^{«- 



«a— 6-+ "»('»- 2" + ^) a»->.6..-« 

the number of terms being the integer next greater than — . 

As a particular instance suppose a=0, &= — 1. 

When m is not a multiple of n the whole series vanishes, and when 
it is a multiple the required sum is equal to n ; the equation in this 
case is of — 1 =0, and the same property of the roots of unity is equally 

true for the sums of their positive powers; for if we put x:=l — , the 

equation becomes y" — 1=:0, the roots of which are necessarily the reci- 
procals of the roots of the former, which, being the same in form, it fol- 
lows that, amongst the roots of the equation iSf — 1 =0, each has its reci- 
procal, and therefore the sum of the direct and inverse mih powers must 
be alike. 

Example 3.— To find the sum of the inverse mth powers of the roots 
of the equation a:*— ca;''+l=0, where n>jj, and prime to p. 
Expanding the logarithm we have — 

— .S.,» = coefficient of «"* in +(aj^— a") +-^(a^— a^)* 
m 2 

Now (««'- j?»)»s=a*.^'*-ita*-* 0^+*'^ + ^;^^""^\ a*-'^^+«(«-^>, &c. ' 

1 • 2 f 

And in order that «r*" may enter, it is necessary that some of the fol- 
lowing equations may be possible in integers, viz. : — 

Arpssm, m+p— 71, ?»+2|i — 2n, m+3p — 8w, &c. 

First suppose m to be divisible by p ; and since p is prime to n it can 
measure no multiple of n between and pn, between pn and ^pn, &c. ; 

hence the possible values of k are — , — hp— ti, — \-2p—2ny &c., 

p p p 

negative terms being excluded ; hence — S.^ is the coefficient of x'^ 

m 

in the series 

© 2 1 Z+o-ii 1 



— k-p^n — l-2p— 2» 

? ^ . P 

2-Hp-Sn 

(Ojf— Jf)p ,&c. 
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+'. \p iAP-L Lap ^.ar-(-i5 

^ 1 . 8 . S . 9p 

+, Ac. 
When p do99 not mcaMre m^ pot 

pir=m+ik' (p — «)t or pk + (n— p) I^^zm^ 

and if K be ths gmteit Taloc of k whieh natjaflwi Ihk iadctcnnmale 
equatiooy its other values are K+p— n* K+2p— 2ji, &c ; and then 

i-S^ss coefficient of uTm 4r(«f-J^)^-f sr-T^^^ (flji'-ar)«*»^ 

m g Ji li+p— » 

+,&c. 

And if K be the least value of it, its other values are g-i^^ ff+2p» &c., 
and these determine the place ofikt term whidi most be sdected from 
each of the above binomials. 

25. In the next place, it will be very osefnl to be able to find expli- 
citly the coefficients of an equation when the soms of the powers of its 
roots are supposed to be known. 

PaoFosinoN XX. 
Form the expansions I — S|,*+V-^. i^-T-^-j.AV&c, ton+ 1 terma. 

91 

number of terms being the integer next above g- • 

mm 

number of terms bein^ the int^er next above -j • 

And so on to the final series, eonsisting only of twp terms, viz. : — 

n 

If S| 9 Sf , S^. t • » • . S« 9 be the sums of the first, second, third • . p 
Tith powers of the roots of the eqiiation Jf +«iJ^"*+«ti*"*+ -..+«,, 
then Om will be found by taking the coefficient of hT in the product of 
the first m series given above. 

For by the last Proposition 

write & instead of '^ , and denote by e the base of Naperian logarithms* 
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Heace l+aiA+«a^*+ .... -f a*A" = f^**. tf-i^*** ^g-i^* .... &c. 

and the series given in the present proposition are the expansions ac- 
cording to the powers of h of each of the factors in the right hand 
member of this identity ; only the terms which have higlier powers of 
h than the nth are rejected, as from the nature of the identity the total 
coefficient of any such power must be zero. 

Example 1. To find Aj , Os , <hy &c. 

Example 2. To form an equation such that its roots may possess 
the property S,=:0, Sa=0, S8=0. . . .S,.i=:0, S,= c . 

In this case the first n-^1 series contain no power of A ; therefore 

S» c 

ai=0 , a,=0., .a,.i=:0, a,= ^=: — -, the required equation 

n n 

is therefore «* — - = 0. 

n 

Example 3. Given Si=0, SjsO. • • .S,=p , Sp+i=0. . . . S..i=0, 

The two series to be multiplitd in this OAse are 

1-A'+ pg- , &;c., and 1-4% ftc." 

Siippbse p does not 'measure m, and k the greatest number of times it 
is contained in n^ the product of the two is 

1-/^^+ Y;g +>> ^ + (-!)*> ^^g^^j^ -h\ &c. 
the required equation is therefore 

''"■"^'^+ 172 '^"^'^ rxs-"^""-* • -^1.2. ..ife •^•*'-i-^- 

But if p measures Tt, this two last iernls must be united. In like 
manner may the coefficients be found when the sums of the negative 
powers of the roots are given. 

26. Scholium. In the two preceding propositions we have sup- 
posed the reader acquainted with the expansions of a' and log (l+<v) ; 
if not, their investigations are here supplied. 

To expand a' according to the powers of y. 

Let a^=zf(fl:)'^ then»sinae af.a^^na^f we have 

A^) ./(y)=/(^+y)=A^) +/Wy +/"(x) -fJ^g+Z'^^) • y^ + &<^- 

therefore, /(y)=l+ _ . y+ ^^._ + ^ . ^j^^+fic, 

where fOv)f fX^i^f &c» ^e the Bi|i:oefisive derived fuofsMoas of/(«)« 
But it is clear that y being arbitrary, the expansion of JXy^t ^^^^ 

©2 
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fix) 
is a' cannot contain x, and for the same reason • ^ cannot contain y ; 

therefore all the coefficients in the above series are independent both of 
X and y, and consequently must be some functions of a ; let us there- 

f'Cx) 
fore put ■ y = ^(a) ; hence we find 

f{x)=4»ia).fix) ; /'(*)=*(«) ./(x)=(^>, fix) 
f%x)=(</>ay.J{x), &c. 
by substituting these values we obtain 

Now» for some particular value of a, which we denote by e, the 
value of ^(a) will be unity ; this quantity s is readily found by putting 
in the preceding expansion 

^(a)=l, y=l, a=g, 
which gives 1 + 1+ A + rW^ + &c.=g=:2.712818, &c. 

Hence l+y+ ^ + j-^ + &c. =f^ 

write now y<l>(fi) for 3^ in this expansion, and compare it with the 
former, and we have ^^"^=ra'', therefore £*^*^=:a; and hence, by the 
definition of a logarithm ^(a) is the log. of a to the base s, that is the 
Na))erian log. of a. 

To expand the Naperian log. of l-|-^« 

Let l + a?=a, hence (l+x)»=H-Ko).y+(^a)". ro + &c., 

where ^(a) is the Naperian log. of 1 + x, and is the coefficient of y in 
the expansion of (I+«t)^ 

But also (l+^y=l+y.x+ ?^ .*^+ ^^^T^g^s""'^ • *" 

y(y-i)(y -2)(y-3) 

+ 1.2.3,4 •*+ «^c. 

Select now the coefficient of the simple y from each term of this ex- 
pansion, and it must be equal to the coefficient of the same quantity 
found by the former method. Hence 

Nap. log. (1 +a:)= J?— Y + ~ — — 4. &c. 

Our object here is only to prove those expansions which are of the 
most frequent application in analysis, and not to follow out the different 
properties of logarithmic series. 

27. We shall now give some instances of simple transformations of 
equations, pointing out the uses to which they are subservient. 
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Problem I. 

To increase or diminisb the roots of an equation by a given quan- 
tity e. 

Let ^(cr)=0 be the given equation : put^=j?-J-e; the transformed 

is ^ i>(y+e)=zO or ^(c)+0'(«)-y+*"(^).-|y2+--- • 



M-l 



the dimensions of 4^(e) ^'(c).0"(e). . . . 0"^""^(e) are respectively w, 
(71—1), (n — 2). ...1, and therefore to deprive an equation of its 
second term, vve must solve a simple equation, of its third a quadratic, 
&c. ; but none of these transformations, except that of taking away the 
second term, is much used. De Gua pointed out one use of taking 
away the other terms, namely, if all the roots of 0(jr) were real, and we 
make 0"^"*^(eJ=O, this equation has also real roots, for all the d<3rived 
functions necessarily have them (Proposition XVII.). Let a, /3, y, &c. 
a, 6, c, &c., a', fi\ 7/, &c. be the roots taken in the decreasing order 
of magnitude of the equations 

a lies between a, j3, and makes 0^"^'""*^(e) negative for any quantity 
greater than a would make it positive, and there is but one root a be- 
tween such a quantity and a, but a also makes ^"^'"+*^(e) positive 
(Proposition XVII.). The same considerations show that by when put 
for.e, would make ^'^*-*)(c) positive, and ^"'<*+*X^) negative, and so 
on; therefore, when a term is taken away from an equation with all 
real roots, the terms immediately preceding and subsequent must have 
contrary signs ; conversely when a term of an equation is wanted, if the 
preceding and succeeding terms have the same signs, there is at least 
a couple of imaginary roots. 

To deprive an equation of its second term, divide the coefficient of 
the second term by the index of the first, and put «r equal to y minus 
this quotient. 

Thus 0?"— 6j7*4-12ar*, &c. =0; to take away the term involving 
a\ puta? — 1 equal toy, or ar=y + l. 

a 
And in the equation x*^ax*'^-^bx, &c., put a?=:y+ - . 

71 

Remark. The algebraical solution of the quadratic, cubic, and bi- 
quadratic, are much simplified by this transformation : let us consider 
the reason of this: the value of x, in the most comprehensive state in 
which it is capable of algebraical expression, consists of a term free 
from radicals, and of other terms affected by them ; this single expres- 
sion being required to give all the roots, can only do this by varying its 
radical parts according to the different values of the roots of unity ; 
the part unaffected by any radical is therefore the same in all the roots ; 
BOW the rational coefficient a being the sum of all the roots, it follows 

a 
that the part in question in each root is - , for the radical parts in the 

fiUQ^m^tion must destroy each other to give a rational sum. 
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mm 

Hence, when we put x = y> the values of y will have one 

91 

term fewer than the values of x (and consist essentially of radicals) ) 
it is for this reason, that greater simplicity attends the research oiy 
than of j:. 

From this it is obvious and worth remarking, that the part of the 
general expression for the root of the equation j;*— aj^*"'+6j^'* — &c., 

ct 
which is free from radicals, is always = ~. 

n 

28. Problem 3. To transform an equatbn into one pf whidtk the 
roots are those of (he given equation multiplied by a given number. 
Let wi be the given number a*— a*"'*+6'*"~'— &c,=0, the given 

equation, putj:=— , then by substitution, and multiplying by m% 

171 

we have y*— amy"**+6m'y"*'— &c. 

The use of this transformation refers only to the numerical solution 
of equations ; for if any term in the equation proposed had a fractional 

p y * 

coefficient ^ , then put «r=: - , and all the coefficients of the trans- 
9 9 

formed are integers ; if there were two such coefficients as - ^ , put 

y * ■ ' 

X = -^, and 80 on. 

If the proposed equation had any rational root, the transfofmoj 
would have an integer root ; for if an equation has all its coefficients 

r 
integers, it eanqiot have a fractional root \ for suppose -* put for th^ 

unknown quantity, Qnd all the terins after th§ first collected over Sb 
common denominator «*~\ and let N be th^ numerator; hei)ce| 

r* N r** r 

— + -jTT^ ^ ? HNriO, which would be impossible if- were ft 

r* 
fraction in its lowest term, since then — woa{d al/io be iq it^ lowest 

s 

terms. 

Any equation which has numerically a rational root may be easily 
solved by this transformation. 

09. Problem 3. To transform an equation into one in which the 
roots are the reciprocals pf the roots of a giyeii equation* 

Put ar== -, and multiply by y*. 

It will easily be seen in this transformation, that if an equation in x 
want the mih term from the beginning, the transformed in y will want 
the mth term from the end ; by combining therefore this transformation 
with that in Problem 1, we can take. away the last term but one by a 
sim^)le equation, the last but two by a quadratic, &c. 

If the coefficients of the terms of an equation taken from the begin- 
ning be the same as those equidistant from the end, the transformed 
and original equation have tb? &am§ fproi, 9nd t^x^Qf^ the saim 
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roots ; but sinpci yss -, H follows that amoQgst [tbe n roots of th9 

proposed equatioa for each root, there is another which is its reciprocal ; 
these equations have been called rei?iirripj|^ or reciprocal equations* 

If «» fi$ y» &c., be roots of a recurring equation, then -, -, -,&c. 

also are roots ; and when their number is odd, there must be at least 
one root which is its own reoiprooal, and its value is therefore ± 1. 
Having separated this root if it exists, by the division of the factor 
a:^\^ the quotient will be of a recurring form, and will be reducible 

to one half its dimensions by putting a?+ - = y ; to facilitate the 
transformation we may use the fbrntula 

which is the' sum of the nth powers of the roots of the equation 
«*-y«+ 1=0 by Proposition XVIII. 

Example. 6a/*+35a?»+62a;^+35jH-6=:0. 

Hence 6(^+'^)+35^a? + ^V 6a=:0; putJP+i:9;y, 

6(y-^^)-fS5y+6d<sO. 
When y s= — 5 and — y 

5 * 1 

Taking the first value ^^+ » x+lszQ » where x& -d and — - , 



, , 10 , , ^ - , 1 

• tM * TIT''^"*'*^^* ?"^ ^s^f-p una — g < , 



30. Problem 4. To transform an equation into one of which 
the roots shall be the mth powers of the roots of the proposed. 

Let 08, fi^ y, Ac, be the roots of the proposed j^— aj?*"*+6af "% &c. 
=0, then cy"*, ^*, y"*, &q. are the roots of the transformed. 

Let S|, Sty Sb) &c* ^ the sums of the firs|> second, third, &c., 
powers of the roots of the proposed. 

• tf, ,- <r,y (Tg, fte. similar sums in the required equation; then 
(ri=:Smf ^i=^^m9 <^8=S8m9&c. ; heucc, if the required equation be 
y»-Ay"-'+By*-"— Cy*-', &c. =0, Ihe coefficients A, B, C, &c„ 
may be found by Newton^s formula, or by Proposition XIX. 

Remarks. Since A=Sm, and a root of the equation in y is the mth 
power of that in ;p ; and since it has been shown that the coefficient 
of the second term divided by the radix with sign ohailg«d is the ra- 
tional part of the general formula for the root, therefore — the 

n 

rational part of the mth power of any root. 
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' We must be careful to remember, that the root is here, as before sup- 
posed to be, in a form which comprehends all the roots, which is that 
given by the algebraical solution of the equation. 

Thus, even though an equation be not solved algebraically, we can 
find the rational part of a function of its root. 

31. Conversely, by comparing the rational parts of the powers of 

compound surds vdth the values of - . S„ in the equation of which 

the surd represents the general root, we can find the quantities affected 
by the different surds, and thus, discover the root of the equation. At 
present we shall not pursue this further than to give a few examples 
for illustration. 

Example 1. Suppose a+p to be the general root of the equation 
d?*— ax + 6=0, it is required to find a and /3. , 

Rational part of (cr+/3i) = 



) =« 1 



„ of(«+/3* 
Again, Si = a, Sg = c^^^-^b ; hence, by the above principle, we have 

«=2 «'+^= ^ or/3=:--6. 

Example 2. We have seen that when the second term of an equa- 
tion is taken away, the general root is entirely surd ; suppose therefore 

a^4-/3 to be the general root of the equation a^ + aa? — 6 =: 0, to find 

a and )3. 

Observe that o^ being an irreducible surd, or is also such, for if 

rational and equal to y, we should have or = y*, which would give a 
different form for the root than that supposed. 

The only part which can be rational of (or + /3^)' is therefore 

2(«/3) , that is, a/3 must be a perfect cube; and since S«= —2a, the 

above rational part = — which gives («/3) = — - 

Again the rational part of (a^ + /3*)' is only a+/5 for the term 

3a* /3* = 3(a/3)*'.a*and is irrational, because (apy is rational. 

But since Ss + a Si — 36 =: 0, therefore S, := 36 ; hence «+/3 =: 6 

a* 
the equations for finding^ «, /3 are a^ = — — -«+/3=6; whence 

of X is then or + P^ subject to the condition {otpy. . • rational. • ? 

Thus we obtain the same system of roots as that given in the Alge- 
braical Expressions. 

Example 3. Suppose a* + /3* + y* to be the general root of the 
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biquadratic deprived of Us second term x^ + ax^ ^ &a? + c s=: 0, to find 

Rational part of f eT + j3* + y* j* =a+i3+y 

.... of ^«* + i3* + y*^"=6(ai3y)* 

for the simple rectangles («/3)* &c. are radical, otherwise or+fi^+y^ 
would be equivalent to only one square root. 

Rational part of ( «* + /3' + y* J = «'+/?" + y'* 

Again S, = — 2a, S, = 36, S^ = 2a* —4c ; therefore to find «, /3, y, 

we must have a+/3+y=: - -- (of/3y) = "S" a'+/3*+/=^ — C 

Hence »/3+«y+/3y = — — therefore a, /3, y are the 3 roots of 

thecubic «'+— . o^+( "2""""q") » — ^ = 0; and then x=:a + 

)8 +y subject to the condition » . P . y , . of same sign as 6, which 
determines its four roots. 

These are moreover the only forms of irreducible surds, by which the 
general roots of quadratic, cubic, and biquadratic equations can be re- 
spectively expressed ; that which has been called the irreducible case 
of cubics, and which exists in reality only in the arithmetical solution 
can therefore never be removed by any algebraical solution seeking 
to express a root by irreducible surds ; we have a sure test of this by 
the impossibility of making the rational parts of the powers of other 
surds to coincide with the corresponding quantities deduced from the 
coefficients of the equation. 

It may also be remarked that the march of the index of the mono- 
mial surds as we pass from an equation of a lower to a higher degree 
does not follow that indicated by the dimensions of the equation, but 
by the prime divisions of the degree : thus the index in the quadratic 
is ij in the cubic -i, in the biquadratic ^, for the sam'e method will show 
that it is impossible to express the general root of a biquadratic in irre« 
ducible biquadratic surds. 

32. Problem 5. To transform an equation into one of which the 
roots are any given functions of the roots of the proposed. 

Let 0r, /3, y, &c. be the roots of the equation 0(j7) = O, and F(a)y 
F (/3), F (y), &c. the roots of the required equation ; eliminate x be- 
tween the equation 0(j?)=O, y — F (x)=0, by a process similar to that 
of finding the greatest common measure, the resulting equation in y 
will have the rdots proposed. 

Or, if we denote by F (0), F(0), F'(0), &c. the values which 
F (cr) and its derived functions acquire by putting d7=0, we have 

F(«)=F(0)+F(0).a?+F'(0). j^&c. 
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and therefore if Si, 6t» ftc. repftseDt the lums of the powers of the 

roots of the g^iyen equation, tri (t, &c. of the required, we have 

F'YO) . 
rr»=nF(0)+r(0). Si+tJ^' &o. 

rr,=n{F(0)}» + 2P(0).F(0).Si+{{F(0)}«+P(0). F'(0)}. S;+&c- 

&c. 

And Si, S„ . . Sit.ar® known by the coefBeients of the given equa- 
tion, while the coetficienta of the terms of the transformed $ire known 
by the calculated values of a^ ffa, o^, &p. 

Remark. If the tri^nsformed equc^tion is of the same forint that is, 
has the same coefBeients as the original, it must have the same roots, 
s^nd therefore to each root a, there corresponds another F(a), which is 
the given function of it : if the dimensions are odd, one root will be de- 
terminable by the equation (Fa) — ^=0, and maybe found by seeking 
the common measure of ^ (.r) and F(j7)— or, and the other roots may 
be found when this is separated in the same manner as in equations of 
even dimensions, by putting F(jr)4'«vr=2, which will give an equation 
in z of only half the dimensions of the equation so reduced. 

98. Problem Q. To ^nd an equation of which the roots are the dif- 
ferences of the roots of two gi?en equations* 

Let a:"-ajj"-*+te"""'-cjf-'+ &c. =0 

y« - a'y*"-* 4- A'y'"-^ - i/y'^ + Ac. si 

be the given equations, we are required to form an equation of which 
the roots are the excess of the roots of the second above tliose of the 
first. 

Since each root of the first beinc subtracted from any one root of 
the second gives a root of the required, the latter must have m»n roots, 
aqd its form (putting g=fn.7i) may be represented by 

Let Si, 8f, &» ftc. represent the sums of the first, second, third^ fte. 
power of the roots of the equation in x, 

S'l) S's, 8'a> &c. siniilar quantities for the equation in 3^ 
and 8i^ ip «,, &c, the sums of the powers of the roots of the equation 
In z. 

We have «i=2ac=2(y— «r)=2y— 2j?=:7iS'i— mSjforthe sum 2y, is 
to be taken for mn terps, and the sam^ cycle of terms recur afler we have 
gone through the m values of y ; the same remark applies to the sum of 
any fiinctiou of y unaffected by x; but when combined as^Ja;* y^ this 
has no such cycles, and is strictly the same as ^x* Zy*^ under which 
form th^ pure powers may be included, for 2j^y=iX«* ^y^ssm 2a:* 

And ^nerally since 

<,=2 2''?=2(y-^y 
==2y'a^-p23r'2*+^^f%^ 2/-* ^.x»- &c. ' 

i * <w 

therefore t 

f, = nS'p - pS',^, Si + 2li£:ii2s;., S, ± p^\ S,.i ±m Sp 

The quantities <i, s^, «„ being calculated from this formula, the 00- 
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efficients of th0 required equBtipn ^re known by the theorems already 
given. 

Remark. Suppose the two given equations to be exactly alike, the 
dimensions of the transforn^ed equatiQp would be 71*} but as it must 
have n roots equal to zero, it becomes of n(n— I) dimensions, by di- 
viding by a;* ; moreover the roots of the transformed equation have for 
each an equal root with a contrary sign; therefore the sums of their odd 
powers vanish, the degree of the transformed equation may be tben 

reduced to — - — - by making m=2* ; the terms equidistant from both 

ends of the foregoing value of «,» being alike may be taken together, 
and therefore if IJp be the sum of the j^^ powers of the different values 
of u we have 1 

XJj, = nSip -r 2p Si S^.i+ — ' ■■' — Sft Si^., +[.' 

^ 2y(2p-l) (2p-2) (p-hl) (S,y 

••••^^^"TrT 3............P • 2 

Put m =: -^-5 — ^ and form an equation ^ 

W-+ Am"V*+Bu"^*+ +Pw+QiaO ; 

such, that the sums of the p^ powers of the roots may be that quantity 
expressed by Up, the fopts of this tquation will be the squares of the 
differences of the roots of the equation in x\ this transformation first 
given by Waring has yet some iipportant uses in the solution of equa^ 
tions. 

84. Problem 7. To find the last or absolute term in the equation 
whose ropta fire the square^ of the diffewnees of the roots of the pro- 
posed. 

Let er, /3, y, &c. be the roots of the f quatiofi ^ (•r)p;0» and let 4/ (x ) 
be the derived function of (j?), then since 

+(j?— a) iX'-'/S) («— 5)....&c. 

therefore ^ i0):si(a-^p) (ct-^y} (a— «) 

andsimilariy *'(i8)=03-«) (jS-y) (/9-B) 

*'(y)«(y--«)(y-/J)(y-«) 

&c. &c. 

Hence 

*'(«).(*' 03).*' (y). .. . =(-1) ^.l«-i3)«(«-y)«03-yy,. ... 

This is the required last term. 

The product ^' (a) . ^ (/3) . ^ (y) Jieing a symmetrical func- 
tion of the roots may be readily expressed by means of the coefficients 
of the proposed equation, and also by means of those of the derived 
function ^ (j:) by the following consideration. 

Let cti, /^i, yi, &c. be the roots of the equation *'(j?)=rO, then 

since i*'0?)3d(«-«i) («~/3i) (jp— yj).. . ,&c. 

therefore 0'(a) . <!>' (jS) . (^'(y). , . =n"(a^a,) (/J-a,) (y-a,).. . 
X («-/30 03-i9,) (y-/3i) . . X («-yi) (/3-yi) (y-yO. . . . x &c. 



41 IHB THSOnr 07 WQVAnom. 

IW («-«.) 05-irO (r-*i)- . . = (-!)• ♦(^O 
(a-A) O-A) (r-A).- •. = C-i)-*(A) 



and olMcnriiier liiat ( - 1)*«^» s= 1, we obUin 

the bst prodnci bem^ m synmieliicil fdncCioii of the raols of the de- 
nied eqnetioo. 

35. In order that an eqoation maj have two equal roots, a certain 
relation of the coefficients is necessary; thia relati€Ni, which expresses 
their mntnal dependence, mnst be soch thai the last term in the equa- 
tion to the squares of the differences share obtained maj be lero, since 
one of the roots of the latter eqnatioo is nothingr; the condition there- 
fore thai the eqoation 0(jr)=:O maj have equal roots, is ^'(at). 

4^0)' *'(r) = 0. or which is the same 0(aO . *030-*(ri). - - 

=0; the latter is preferable in practice for having fewer factors. 

Example 1. Required the condition that ^fi-^-ajt+h maj have two 
equal roots. 

Hence 04 =s ^ — 

therefore ^(0=(^~2j - | +6= - J +6 

the required condition in this case is 6— ~ :=:0 

4 

Example 2. To find the condition thai the cubic a^+oj^+bx+c^iO 
may have two equal roots. 

Here 4>ix)=ix»+ a:^ + bx + c ^(x)=3af + 2ar + 6 

. 2a b 

or .«» + y . «+ - = (j?- a,) (*- A) 

we must have («!» + aa* + ba^ + c) 0^* + aft* 4. 6j3i + c =0 

; hence «/ /3,» + aa,* Qf {a, + A) + 6a, A W + AO + c(«i*+ A*) 

+ «'«.*A! + «6«iA(«i+A) + «c(a^«+A*)+*'«iA+*<^(«i+A) 
+c" = 

b 
Put — for »i A and collect the terms which multiply the same sums 

of the powers of a^ A » ^bis gives 

v"2r + "9" + ^v "^ C"^""'' ) ^"•■'"'^*^ ■•■ V3 ■^'^) ^"* ■•■ '^'^ 

where ai + A=-Y «i +A ="9—3 «* + A = -g? ■*■ "F 

by substitutiDg these values the required condition becomes 

2(ic b* 

c*+ 27 (2a«-96) + — (46-a«) = 0. 



1 
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When cs:0, the proposed equation becomes (x^ + ax+b) , xs^O 
and the condition for the equality of two of its roots is &'(46 — a*) = 0, 
which is satisfied either by supposing &=:0, or a*— 46 = ; on the first 
supposition the two equal roots are zero, and the second condition is 
that already found for the equality of the roots of the quadratic equa- 
tion j^ -f aJ? + 6=0. 

It is usual to suppose asO, which simplifies the proposed cubic, and 

46' 
the condition for equal roots is then c* + ^=~ =0 

36. Problem 8. To eliminate x between the equations 0(i7)+y=O 
F(x) =0 these functions being rational and integral. 

Liet a, fi, y, &c. be the roots of the first, and a^ /3|, yi, &c. of the 
second equation, then the condition {^ +^(ai)} • { y + ^ (/^i)} . 
{y + 0(yi)}- • • • =^0, implies that y+^ (0=0 is true simultaneously 
with the equation F(j7)=:0: it remains to reduce this product to the 
form y'"+ay"'"*+6y"'"*-|- &c.=0, where m, which represents the num- 
ber of factors, is manifestly the same as the dimensions of F(2'). 

Taking the logarithms of these identical expressions, afler dividing 
each by y"*, we obtain 

= 2 Log. 1 1 + - — - r for abridgment 

\ y y" ^ y* J 

But since oi is a root of the equation F (ar)=0, we have 

F (x\ 
2 (ai) = coefficient of i in — 0' ( J?) Log. — ^ 

* X 

2{^(a.)}»= in - 2^ («) ^ (X) Log. ^^ 

X 

2 {0 (ai)}» = in - 3^(1^)" ^'(x) Log. ^^ 

&c. 
and also observing that 

y ^ y' y^ ^ ' y+<t>i^) 

therefore Log. Jl H 1 — = + . . . .— =^ +-—> = coefficient of i i 

-*'('> Log.^(^> 



in 



Well y+^ (j?)=(«— a) (j:— /3) (jp— y) « # • . • .taking the coefficient 
of the highest power of a; to be unity. 



M 
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U«iu» — r-VT= +^ — + +*«• 

y+^W a-* P-* y-« 



Also 






Log- ?^^ = Log. (1 -^) + Log. (1-^) + Loff. (I +^^ +&C. 
==,2 Log. (1^5) 

and if the corresponding terms In both series are nultiplied, the pro> 
duets will eaeh contidn — ; wherefore 

X 

where y being of n dimensions, we may stop in seeking a at the term 

1 1 

— Soi" Za"* and for fr at the term rr- 2oi"" 2a"**, and so on. 
n 27> ; 

The exact expression for y*+«y*";+fty*"* &c. is y",f : " 
the sign 2' denoting the sum from n=:l to n=:x 

Corollary. Let the form of the function F(4:) ba «"— 1 ; then if 
m'be not a multiple of m, we have 2flE^=0, and when it is a multiple, 
Xa^'asm ; hence 

Log. 

= -2{a"^ + a-*"+a-"-+ &c.} 

if the former series be and, we may omit in (^)"*' those terms in 
which the index is not a multiple of m, and put m for any term in 
which the index of at is a multiple of m, and equate like powers of y ; 
If we use the latter series we may equi^te like powers of y, taking 
al#ays one term more under the sign of Log. than under that of 2 : 
thns, 

Coeflkient of 

- in Log.h + ^ J == co^ffiwol pf - In S»"^# 
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Coefficient of 

— iinLog.-Jl'-l h —- s= coefficient of— in JXar^+ar^) 

&C. &C. 

and the exact eipression for sr+fly""*+6y***, Ac., is ff v^*-!-/ 
where £ stands for the base of Naperian logarithms. 

When f(x) is of lower dimensions than fn, we have a=0 ; for then 
Z^(a|) evidently vanishes. 

Generally, lei k, be the sum of the coefficients of jf*, a^ , &c., in 
(fry, then, 

thus 

37. We shall now proceed to the solution of equations in finite surds, 
fifst by simple individual methods, and secondly on general principles, 
adding remarks on eaeh. 



CUBIC EQUATIONS. 

The general folm of a cubic equation is j^+a^+bx+e^:0, a, bf c, 
being known quantities, positive or negative. 

Hie simplest equation in this class is 4^ — 1=0, one root of which 
being jr=:l, we may reduce .f^—l to the form («— 1) i^+x-^-l) ; 
the other two roots are given by the equation j^+^+i==0, and are 

easily found to be «= , «= , each of which 

is the square of the other ; for if we call one of them a, then since 
a*£=l, we have by squaring (a^}'=l ; therefore, o^ is a root as well 
as a. 

If there is proposed Ji^azb^ and a denote, as before, one of the ima- 
ginary cube roots of unity, and if(b the arithmetical cube root of b^ the 

three values of x are then v 6 , a'^b a^'vb^ for the cubes of any 
of these quantities is 6. 

Thus, let ^1^= — 1 , then d;r=— 1 , is the real root, and the two ima 
ginary roots are — a — a^. 

Given j^+ar+fc=0. 

Put Jtf which Is no longer a simple cube idoI» equal to the sum of 

two cube roots; that Is, letx=p^+9 • 



Then, «fep+8p*«*+3pV+^» 
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ax+b= 6+ a Cp^ + q*\ 

We thus have (p+7+6)+| 3(;j^)*+o|(p^+9^)r=0, 



which equation, containing two indeterminate quantities, allows us to 
make another condition between p and q ; namely, 

Hence p and q may be determined by the equations 

p^+2pq+q*=z 6* 

ft 

4a« 
^W =-27" 



or 



therefore 



whence 



and 






T t ^ 



' Now, p* admits also of the values otp , a*p* 

7^ of oflq^, aq^y 

and the products of the pairs in the same vertical lines arise each the 

same as pr.q^^ since a^=l; that is, they satisfy the condition im- 
posed in the process of investigation ; viz. (pq) = — - a rational 

o 
quantity, admitting of only one value* 

Hence the 3 roots of the cubic equation :c"+ar+5=:0 are 

where a is an imaginary cube root of unity, and p, q have the values 
above assigned. 

If the proposed equation has equal roots, the condition for their 

existence is _-^ ^ — ; 

we have then ?'=9= ^ = ^ /— — ; 



therefore. 



.^-^^ 



=«"=\/"-i^ ^ 
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and the values of x are 



the latter two bein^ the equal pair. 

38. It will be useful, in connexion with the general theory of equa- 
tions, to add some remarks on the roots thus obtained for the equation 
a^+aJ?4-^, for which purpose let 



« • 



* 1. 1 1 11 

hence, J?i+ara+J:'8 =(!+«+«*) CP^+^O, and by the known pro- 
perties of the roots of unity we have l + «+a*=0 ; therefore, 

3/g ^ vT] "I" X^ ^^ U. 
* lis 

Again, a?, j:g= o^^+ («+ ««) p^q^ + a« 9^^, 

dPgjrgrs p^+(«+«');j'^g^+9 ; since «"=!, and a^rra. ^ 
Hence, »riJ?8+j?ia?8+ J?»r8=:3(«+a*)jp^9^= — 3(/?9)^ , 
which agrees with the supposition we had made, that (pq) = . 

Thirdly, a:'|J,T8=p + (l + «+«*)'(pV+?V) + ? =P+g. 
Again, from the equations which express Xi and Xg we have 

similarly ««i— Xa = («—«*) p"^, «'a?i~ X8=(a«— ee) g^, 

X 1 

a?,-aj78=(a— l)p« , ax^ -J?8= (1 -«)g - 

Put — j?|— J?, instead of j'a in the second and third systems of equa- 
tions, and observing that «4-l = — a', a'+lsi' — a, the second system 
is the same as the ilrst, and the third gives 

(a-hl)ar8-|-»ri=:(a— 1)^!?^; (a-|-l)i'a+a?i=(l— a)g^, 

which, being multiplied by or, reproduces also the first system. 

But since a is one of the imaginary cube roots of unity, we shall 

obtain a second system of values of p"*, q^ , by writing «*, the other 
imaginary cube root, for oc in the first system ; viz., 

' a'^i— J?a = (a*— a)jp^ , aXi — Jg =: (a — a*) g % 
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nvhich gives ajj — args: (a — a')j3% o'j?i — ar|=:(a*— a)g'': 

thus p^ and q^ merely interchange values. 

By cubing we have 

OTj"— 3ox»*JP,+3a"j'i*,«— J?/= — 3(o*— a) p, 

V— 3a*J?i*jr,+ SaXiTj'— Jt'= 3(a* — a) g ; 

and if we suppose Xi^x^ we should havep=9, which would also 
result from the suppositions Xir=LXt, x^^Xb; thus ^ the condition for 
equal roots in the proposed cubic descends to the redudna quadratic 
Now, the quantity under the sign of square root in the solution of the 
quadratic, gives the condition for equal roots in that quadratic ; there- 
fore the quantity under the same sign in the solution of a cubic, by 
being equated with zero, gives the condition for two equal roots ; in 

a* a" 
fact, we have found this condition to be -r- + 07 ^^* 

We may, d pos^teriori, infer irom these considerations the form of the 
surds which enter the root, the condition for equal roots which results 
by eliminating x between a^+aJi+bs=:Ot and Sx*+a:=iO is of two 
dimensions in b, or of 6 in reference to the roots ; the sign of // , which 

6« a" 
comes over the form of this condition -r'i' jp: reduces it to 8 di- 

mensions ; a cubic root on this square root, added to or subtracted 
from another term of 3 dimensions) would reduce all to similarity with 
the roots. 

With respect to the arithmetical application of the solution of a cubic 
deduced from the preceding algebraical solution, it is easily seen that 
it will be impracticable by the m^re extraction of roots when all are 
real (except two are equal), and practicable when two roots are ima- 
ginary ; for putting for a a' their values — — — — 



^rw 



2 2 ' 

we find p and q hnaginary wh en Xi and ar« are real ; but if x^ j?, be of 

the form m-^n^/ — 1 , m—wJ — 1 , then the above expressions for p 
and q are easily found to be real. 

39. Given *■+«**+ ^i?+c=0, to find j? 

a 
Put J?+ - =2, from whence we have 

3 27 • 

/ 2a« 3a» 
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hence 5*+a'*+t'=0, 

therefore z^p^-^-q^ , 

where ^^^ + ^^^+_j, 






Now since- = --^-^-.-j. 



therefore _ = ^ - (^-^ -- _Jc+ ^(^j - -^^ + ^J ; 



and since 



3^3 9 



therefore -= - - _ (^- ^ _+ gjj; 

whence - + - = j -.(^_ - ^jc+ ~ (^3 --J ; 



therefore 



«= — — h ' 



2 3\2J 9/^14 3^2 9y^27V ^ J) \ 
\c afb a*\ fc* ac/b a«\ 6Vr AlH* 

This apparently complicated value of •» may be reduced to one of 
great simplicity, never before noticed, to my knowledge, by the follow- 
ing considerations : 

If the given equation had two equal roots, the cubic in z would also 
have two equal roots, the reducing quadratic would have two equal 
roots, the term under the sign ^ in the solution of that quadratic 
would vanish ; therefore, the equating with zero the term under the 
sign <s/ in the solution of a cubic gives the condition for equal roots as 
well as does the equation resulting by eliminating x between the pro- 
posed and its first derived equation, their lefi hand members being of 
the same dimensions, can oiiiy differ by a numerical factor ; in fact, let 

0'c=3jF«+2aa?+6 5=0, 

the result of the elimination of x arranged according tp the powers of 
c, with unity for the coefficient of the highest power of c has been 
found to be 

<^+ -^ (2a'-9b) + ^ (46-a«) =0 ; 

this resulting by the elimination of or, between ^=0 and 4^sz0, mdj 
be represented io reference to this origin, by 

b2 
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Now, comparing the quantity [0 , ^'j with that under the sign tj 
in the above solution of the general cubic, we find the latter to be ex- 
actly -r [^ , ^'] , differing only from the former in its numerical 

factor. 

Next suppose the given equation has 3 equal roots ; then its left 

u 
member is a perfect cube, and we get j?=: — - ; the total quantity 

under the sign { . . . . j"^ in the general solution must therefore 
vanish, but the part of this under the sign ^ already vanishes from 
the condition of two equal roots ; therefore, the part outside v^ being 
equated to zero, gives tlie additional condition necessary for a 3rd 
equal root, and being of the same dimensions, must be equivalent to 
that obtained by eliminating x between the proposed and its second 
derived, differing only by a numerical factor ; in fact, 

=:a:'+ajc«4.6a?+c=0, 

gives 0"=6r + 2a; 

ah 2a* 
whence [0 , ^"] = c — + — • , making always the coefficient of 

the highest power of c unity : now, by comparing this with the part 
outside the sign V ^n ^^^ cubic radicals, we find that part exactly equal 

*o o W » ^"] » ^^^"^ differing only by a numerical factor ; the actual 

solution in this form is remarkably expressive. 
If^=a«+(w*+6i:+c=:0, 

then X = -|+ {^ [^,<^"] + 1V[0, *"]}*+ {^ W. <^"] -^ V W. *'] }* 

The quantities [<3&, ^'], [<j^, ^"] are readily expressed in symbolical 
functions of the roots ; let a, j3, y be the roots of ^(jr)=rO, then the 
condition for the coexistence of the equations ^(07)= 0, <i>(jx)z=iQ is 
0'(«)«^'(/^)»0'(y)=O J and since the coefficient of c*, that is (a^Sy)' is 
unity in [^, 0], we have 

[*.*'] =^9i'(«).*'(/3).^'(y). 
similarly [^. ,^] =^) .ffl .^v)-. ' 

Now ^'(«) = («-/3) («-y), ^'(/3)=(/3-«) (fi-y) ; 

*'(y)=(r-«)(y-/3); 

therefore [i>,4.'] = -l+{(«-/3) («-y) (/3-y)}', 

from whence we easily see the cause of the arithmetical failure when 
a, /3, 7 are real and unequal, and of its success when two of them are 
imaginary. 
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Moreover, — J — s=x+- =x ^ — - ; 

* 6 3 3 

therefore [^, ^1 =— (2a — /3 - y) (2/3 - a - y) (2y - a - /3) ; hence cr, 

j3, and y are simultaneously expressed by a symmetrical function of 
the roots. 

In like manner, for a quadratic if ^^jj^+oj+ft, ^'=*2j:+a, and x be 
eliminated so that the coefficient of the highest power of 6 be unity, we 

hare [^ *'] =6-^, « -|+V-[^, if/], where [0, ^=^ .^ 

= _03-a)«. 
40. In making arithmetical usage of the formula 

•=MV(M)M-4V(-r-a' 

in the equation ijfi+ax+b, it will be sufficient to compute one of the 
cubic surds, the other will be given by the equation 

and the imaginary roots will be /ja+^aS pa*+^a, or putting for x its 
value, they become — ^ ± ^ . V^^ ; from whence it follows, that 

when p^ is rational (the coefficient a being supposed also rational) q^ 
is rational, and therefore the part of the imaginary roots will be a 

rational quantity multiplied by v — 3. Now, since a cubic equation 
may be formed in which the surd 'part of the imaginary ' roots 
is any whatever, if we suppose it irreducible to a/^S^ it follows that 

p* cannot be rational, nor, consequently, q^j and yet their sum may be 
rational, for its value is double the real part of the imaginary roots with 
a contrary sign ; therefore, though the sum of two irreducible quadratic 
surds cannot be rational the sum of two cubic surds may. 
We give an example. 

Let 1 +V3r, 1-V-l, and —2 be the roots ; 

then a=-2, 6=+4, - + -=4-- = — . . 

but since it has been proved that 

[i,, ^qrs - ^ {(«-/3)» («-y)' (/3-r)'}. 

it is visible that when the par ts re al and imaginary of a, /3, y are com- 
mensurate, or do not involve V^^, then Vs will enter in the summable 
cubic surds. 
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BIQUADRATIC EQUATIONS- 

41. The method of Thomas Simpson, an analyst of firsUrale genius* 
affords perhaps the most direct and easy solution of the biquadratic 
ever given ; with slight variation it is as follows — 

Given j:*+ax'+6x«-f ca?+d=0, to find x* 

Add to each side a quadratic function Bj^'+Cj^+D, and let B, C, D 
be so determined that both sides maybe exact squares; then, extracting 
the square root, we shall have two quadratic equations to determine the 
four values of x. 

Thus,^+ar»+(6+B)j?»-f((?+C)jt+(d+D)=sBa;«+C*+l>. 
The second aide will be r complete square of 4BDr=C*. . . • (1). 



or 



The first side may be compared with ljfi+ —a? + m J , 

/a* \ 
whence B=:2m+(— — 6J, Crsoin — c, D=m'— d. 

The equation (1) serves to determine mi as it gives 

m being known from this cubic, B, C, D are known by the equations 
above given, and extracting the square root we have 

* 

which furnishes two quadratic equations for finding x. 

42. We shall now give Euler's method, previously showing the rea-v 
son which justifies the assumption for the form of the roots. 
Let o^+ax^-i-bx^+cd-^dsiO. 
The rational part of the root, as has been shown before, must be 

— r ; put therefore x =r — 7- +2?, whence 

4 4 

, . , 3 1 i# ah , a^ , J ac ha* Sa* 

where a'=6— -—a', b'=c , (/=d . 

8 ' 2^8' 4 ^ 16 256 

Suppose the roots of this equation are Zi, z^^ z^, z^, and that we seek 
another equation of which the roots are the sums of these taken two and 
two; then, since Zi+Zt+z^+z^z^zO, we have 

(2, + 2,)=-(«a+24). (Zi+28)=-(«f + 2r4), r| + «4= -(«.+ «•). 

Hence, though the required equation would have 6 dimensions, yet 
since there corresponds to each of it^ rpqls applher with ft contrary sign. 
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it must be deficient of any terms involvings odd powers of the unknown 
quantity, and it may therefore be reduced to half the dimensions ; in 
other words, its 6 roots are the square roots of the roots of a cubic. 
Let 4p, 4^, 4r be the roots of this cubic ; hence 

2j+ 2a= ± 2V7 2,+ z^= q:2VJ 

«i4-«4=2±2Vr z^+z^^Zf2'/r'. 

Add these 'equations together, observing that «!+ 2, + 28 +24=0, we 
will find, on dividing by 2, tKat 

«i=±(>^+^+Vr) 
whence «,= qp(vp— v^— \^), * since 2i+2t=2yp.. 

Such is the reason of the assumption, z = jjp+jijq+r, where p, g, 
r are the roots of a cubic equation, viz. : — 

in which;j+g+r=^A; pq+pr+qr = B; pqr:=-^C. 
Squaring the assumed value of 2, we have 

««+A^2V(j)'j)+2V(;>r)+2V(gf) ; 

and again squaring^ 

(2'+A)«-4B=8V(pgr)(\^+V7+^/5^ = 8V(-C).2; 

therefore tH2A«'-8 V^.»+(A'— 4B)=0; 

whence, by comparison with the given equation in r, 

of ^ ft^" „ d'^ ^ 
^^ 2 • 64' " 16 4 \ 

the reducing cubic is therefore 

. o' ../a" Ay ft'" ' 
3''+T-yHT-^>4-"64' 

and since >^ • »^q^ ^=^— •€= — ^, the products of these surds 

are under the condition of having the contrary sign to 6', and Uie other 
roots are easily found by observing this condition to be 

2=S— Vp + ^^— A^ 

and since ar=:— -r-f f, its four values areHhus completely determined. 

43« We come now to an interesting examination of the quantities 
iniBuenced by the different surds in the complete expression for the root 
of the biquadratic, showing first, by a priori reflections, what they may 
be expected to be. 

The form of the root, or its fiimptest type, is 
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the blank spaces being occupied with the same quantities Q, R, affected 
by the quadratic and cubic roots of unity, in the forms already shown 
in the solution of a cubic. 

What do the quantities P, Q, R signify in connexion with the pro- 
posed biquadratic? by what formula may they be expressed ? 

Let ^ =:a?*+aJF»+6a?*+caf+d. 
if/ =4a;^+3ax»+26j?+c. 
^"= \2x^+6ax+2b. 
^'"=: 2407+ 6a. 

And let the equation resulting by the elimination of x between <^=0 
and <;^'=0 be represented by [^, ^'], that between ^'=0 and^'=0 by 
[<^', 0"], and that between 0''=O and <^"'=0 by [<^", 0'"]. 

If the proposed equation had two equal roots the reducing cubic 
would have two equal roots ; for the roots of the latter squared are 
linear functions of the roots of the former, hence the equation R=:0 and 
[<^, <^'] = 0, of the same degree, imply the same condition, and therefore 
R can differ from [<^, ({>'] only by a numerical multiplier. 

If the biquadratic had three equal roots, the cubic should have the 
same number of equal roots ; the additional conditions necessary for 
which is, as we have seen, Q=0 ; and Q, like ^R, is of 6 dimensions. 

Now an equation can be formed of six dimensions arranged according 
to the powers of ^"(J?)« which shall be equivalent to the equation 
</)'(jr)=0; that is, which shall express the coexistence of two equal 
roots. Representing this equation by 

it is evident that the condition C=0 will express the coexistence of 
three equal roots, and it will be only necessary to calculate this term ; 
we will first show how to form the equation. 

Let a'i=a?8, then ^"(a?i)=12i7i*+6ajri + 6 

= 12a:^«-6a:i (2x^+Xt+x;)+2b 

= 2& — 6 (Xi^a + -Tj-r J. 
Similarly, if a7|=j?s> then </>" (Xi)==z2b ^ 6 (XiXi+x^Xt). 
Lastly, if a7a=j?4, then ^"(ar,)=:26 — 6 {XiX^+x^^) ; 

and it is easy to see conversely, that if 

{(l>'X^)''2b+6{x,x,+x,,x,)}.{<t>''(x)''2b+6 ix.x^+x^,)}.' 

{<3fr"(a?)-26+6 ix,x^+x^^)}=zO, 

there must exist a pair of equal roots. 

If we now put ^"(a:)=0, we shall express the same condition as by 
making Q=0, and one of the same dimensions, and v^e can easily verify 
the inference that 

Q=^ {6—3 (xiXi+x,iX4)}.{bS (x^x^+XtX^)} . {b^S(XiX^+XvX^)} 

this product is a symmetrical function of the roots, and may therefore 
be expressed by the coefiicients of the equation ; we shall represent it by 



__ J 
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The characters between the brackets express the function from which 
Q is formed ; the vanishing of Q being a condition of their co-existence. 

For the existence of four equal roots the additional condition PrrO 
is necessary and sufficient ; P therefore is of the same dimensions and 
expresses the same condition as [^'', ^"'js when the latter is equated to 
zero; hence P=-A:" [0",<3fr'"]. 

Those who may desire to follow on a more extended sqjile this mode 
of considering the solutions of algebraical equations are referred to a 
separate Memoir which the author has published* on this subjeet, and 
in which are given all the factors of the constituent parts of the roots of 
equations as far as the 5th degree inclusive. 

44. The roots of the reducing cubic are functions of the roots of the 
•proposed biquadratic, and we shall terminate our observations on the 
solution of equations of inferior degrees with the consequences which 
follow from this consideration. 

Let JTi, Xf, jr„ x^ be the four roots of the biquadratic. 
J?* + aa;" + 6 j:* + ca: + rf= 0. 

Tliatis, : jri=-^+V/' + VP+V'*-* 

Hence 4i^p=:2j?i+2j?j+a=^i+«»'«— ^s— J?4» 
4iJq=z2xx-\-2x^+a=:Xi+X9-'Xt—T4 
4^r = 2xi 4 2x4+ a= J?i + 3*4 — x, — jr,. 

Therefore p—q==(iJp+iJq)(^fp—A/q) =^(-^1— J'O (•t.-^Tb). 

q-r:=iQq+^r) Qq-»Jr) = -(jPj-x,) (Xa-orO. 

Now the quantity which is under the final square root in the solution 
of a cubic is — (p — ^)* (p— r)* (9 — r)*, therefore the same quantity in 
the biquadratic is 

-(j^i-*,)« (ori-a-,)* (x»-J^4)« (*»-•'»)• ('.-'O' (^.-**)'. 

Thus the quantity under the sign of the final square root in the 
second, third, and fourth degrees is the product of the squares of the 
difr4^rences of the roots multiplied by constants peculiar to each degree. 

In like manner the quantity Q is in the cubic proportional to 
(2jj — 7— r) (2g— p— r) (2r—p—q) ; it follows therefore that the fac- 
tors- of Q in the biquadratic beside a numerical constant are 

♦ PhiL Traiw. 1837, Part I. 
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Mrhich agree with those found in the preceding article. 
45. The quantity which is under the final square root 

rs: — YqJJ' • (^i "" *^«) • (^i ~" *b) • w *" ^4) • («^B — ^s) (^a "~ ^4) («^a*" ^4) » 

where oTi, ots, ars* ^a are the roots of the biquadratic, is now to be dis- 
cussed. 

If all the roots are possible, this quantity is obviously negative, and 
the solution ceases to be arithmetically practicable. 

Suppose two possible, as ^1, x^^ and two impossible, as 

Then (a?i- j?»)« (ari-»4)»={(m— <ky+n«}«, 

io'^-x^y (^2-J?4)«={(^-/5)*+^*}% 
(^i-^O (^-J:4)"=-47i»(a-/3)*i 

in which case — -~ [0, 0'] is positive. 

•^rii^ 

Lastly, if ari=m'+7i'V^, x,=m'— to^a/^, tr3=m+w ^—1, 

Then (j?i— a^g)' (ajg— o-J^ssien'n", 

(^i-a?4)H^2--r8)«={(m'-m)« + (n'+n)2}«; 

and therefore — ts;[^>^'3 ^^ ^®^® negative. 

The numeriiJal solution is thus confined to the case where two roots, 
and two only, are possible, always excepting the cases of equal roots. 
Several writers have fallen into errors ^ith respect to the proper 

roots of unity which form the coefficients of vp, v g, vr, in the four 
roots of the biquadratic; the simple rule to avoid error is, ''preserve 

Vp X Vp xVr always of a sign contrary to 8c+a(a*— 46)," for this is 
supposed to be the case in the solution. 

It is easy to show that the method of Thomas Simpson leads to the 
same roots under different forms, and that the reduced cubic has all 
its roots possible when the biquadratic has only all possible or all im- 
possible roots. 



ON THE ROOTS OP UNITY. 

Proposition XXI. 

46. Two binomial equations of the form ofssl, y*=l, the degrees 
a, b of which are prime to e^cji other, hav^ no ppmmon root beside 
unity. 
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For a and h being prime to each other, two othet integers, A and B, 
may always be found such that aA — &B^ :t 1 ; 
and the equation jr*=2l gives jf^=l, 

therefore, if a be a root common to both, we get by division a^**~*'*=2l, 
whence a = li* = 1 : thus unity is the only root common to the 
equations. . . 

Proposition XXII. 

47. If a be any root of the equation «** = 1, except unity, and J9 any 
number intermediate to 1 and m, the latter being supposed a prime 
number, then oc^ shall be a different root of the same equation for all 
the values of p between the above limits. 

iFirst a** is a root, for a being a root, we have a"*i=il, therefore (a**)"* 
= P=1. 

Secondly, if p and q are differenl numbers less than m, a^ and a' are 
different roots of the equation J^=l ; for if not q be the greater num- 
ber, and a*=a'; therefore tt'""''=il, or a is also a root of the equation 
y'-'rrl, which is impossible, since ^ --p is Ies8| and therefore prime 
to wi. 

Corollary 1. Hence the 7n— 1 different quantities a, a*, a®,. . .a**"* 
are roots of the equation x"'=:l, and therefore with unity they contain 
all its roots, so that the knowledge of any root different fVoih Unity is 
sufficient for the formation of all the other roots. 

Corollary 2. Unity is the only real root of the equation a"*= 1 when 
971 is odd, and + 1 and -*- 1 are the only real roots when even. 

For if a>I, then a, a\ a% &c. go on increasing, and are therefore 
all >1 ; and if a<l> then a, a*, a', &c. go on decreasing, and must be 
all <1 ; therefore, if a be a real quantity different from unity, whatever 
beitssigni we can never have a* si, from which the proposition is 
obvious. 

Proposition XXIII. 

48. Every rational function of a (where a is an imaginary root of 
the equation a?"*=:l, and m is prime) is reducible to the form 

A+ Ba + Ca*+Da«+ Pa"»-\ 

For, first, if it contain no function of a as a divisor; that is, if it be 

) an integer function of a, then, arranging it according to the powers of 

a, any term involving powers higher than the (m— l)th powers may be 

reduced tU those which are lower, since o^ssl, a'"+*=2a, a*""*"*=a*, 

..,«.. a*"«sl, a^^:say &c. ; and then the terms which contain like 

powers being collected will change the fbrm of the function into thai 

stated. 

F (a) ' 
Secondly, if the given function be of a fractional form, as • -. ^ , where 

(a) 

F and denote integer functions, we can change its fornl to this equi- 

, . F(a).0(a«).<^(a«) </>(a^-') ^r ^ ^^ ^ 

valent, - . . \ ; ;\; J^V/ ■ < \x m IX '^(«)> *he denominator 

of which is also a symmetrical function of all the roots of the equation 
J?*"— 1=0, and is simply numerical as well as 0(1); the expression thus 
receives an integer form, which, as we have seen, is reducible to that 
stated. 
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If the denominator ^(a) is a simple power of a, as a", in which case 
n may be always made less than m, we may multiply both numerator 
and denominator be a"'", and thus the denominator will become unity. 

Thiidly, if the function contain several fractions, as above, each beings 
separately reduced to the integer form, it is clear that the aggregate 
may always be brought to the form given above. 

In addition to these properties it is to be remembered, as before 
mentioned, that the sum of the roots, or of their similar powers, positive 
or negative, is always zero when the index is not divisible by m, and is 
m when the index is equal to m or a multiple of it. 

Proposition XXIV. 

49. The roots of an equation of the form a?*-*'*"*'=l (when fl, 6, c 
are different prime numbers) are the terms of the product 

(l + a+a«+ +a-0 (l+/3+/3«+ +/?-«) 

(l+y+y» +/-'), &c. 

where a is a root of the equation a;'=l, 

y • • a;*=l, 

&c. 
and all different from unity. 

First, it is clear they are roots of the given equation ; for since 

a*=:l, therefore a***—==l. 
similarly /S"**" ••••=!, 

&C. 

Therefore the product of a, ]3, y, &c., respectively raised to any powers, 
is obviously a root of the proposed equation. 

Secondly, all tlie nx)ts after the first, which is unity, differ from it, 
and from each other ; for suppose, if it may be possible, 

a"*.^"./. . . . =a-'/3V- • . • ; then a"— '.^""''.y''-'''. ... =1, 
all the indices in which may be supposed positive, as they can easily 
be made so; thus, if 7t — n' be negative, then jS*'*^ may be put in the 
form /3*-<»'-">, where the index is necessarily positive, since n and n! are 
both less than 6. 

This being premised, and observing that a'=:l, we should have 

the left member of which is a root of the equation a:^''"** = l, and the 
right, of the equation y:=l ; now these equations carmot have a common 
root, for a, 6, c, &c. being prime numbers, a must be prime to 6.c. . . • 
Since, then, the'product mentioned in this proposition contains a, 6, 
c • . . . terms, all of them roots of the given equation, and all differing 
from each other, these terms are themselves of necessity all the roots of 
that equation. • 

50. Corollary, A similar proof evidently applies if a, 6, c, &c. are 
any powers of prime numbers ; therefore, if the degree of a binomial 
equation be any composite number, as /i, we must decompose it into 

its prime factors fjL^rzcr.b^.d^ ; and having found all the roots 

of the several equations 

«•"'=!, y**'=l, ^••'=:1, &c 
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then by takings every possible product of these roots, one selected from 
each equation, the products thus resuhing will be the roots of the 

equation ^=1. 

Lagrange, and after him other writers, have supposed that the solu- 
tion of binomial equations with composite indices are always reduced 
to those with prime indices. This is an error ; the reduction has not 
yet been effected when the index is the power of a prime number: thus, 

according to Lagrange, if a, being prime, <r' :=!, take a, a root of the 
equation x*=l, and /3 a root of the equation y*':=a^ and then all the 

terms of the product (l + a + a'+ a""*) (l+j3 + /3«+ fi*"') 

are the roots of tlie proposed. This is true ; but how is j3 to be found ? 
for since a=^l, the equation y^z=zj^l has for its solution all the diffi- 
culties of the proposed. 

The same thing can be seen easily by the trigonometrical forms of 
the roots of unity : thus, if jf-^ =1, we have 

where 2t denotes the circumference of a circle of which the radius is 
unity, and m is any number from to a6— 1 inclusive. Now a, 6 being 

prime numbers, the proper fraction — may be decomposed into two 

P Q 

proper fractions ~+ ^, and the above value of x will then by trigono- 
metry be the same as 

. a? = I cos ^^ . 2*V V^ sin (^ . 2ir J 



fcos (t.2»)+ 'J^ sin | . 2t^| 



the first and second factors of which are respectively roots of the equa- 
tions ^"=1, 2^:=!, agreeably with the preceding algebraical theory; 

but if a=6, the fraction-r- is undecomposable, except m be a, or a mul- 

tiple of a ; in this case only a of the roots are discoverable by the re- 
duced equation «"=!, the other roots (a)(a^\) in number remaining 
unknown. This oversight I think it useful to point out, as I am not 
at present aware that any analyst has attempted the algebraical solu- 
tion of binomial equations of which the indices are powers of primes. 



SOLUTION OF BINOMIAL EQUATIONS OF PRIME 

DEGREES. 

51. It will be convenient to mention those properties of prime num- 
bers on which depends the solution of this class of equations. 

If p be a prime number, and a a number prime to p, then a^^— 1 
will be divisible by p. This theorem was given by Fermat and proved 
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by Euler ; various demonstrationB of it are now well known, and may 
be found in nearly every treatise of (he theory of numbers. 

The same things supposed, if 9 be a number <p— 1, and if a'— 1 
be divisible by p, then 9 is a divisor of p—l\ when a is such that no 
numbers of this nature exist, a is called a primitive root of p ; there 
may be several primitive roots of p. 

Thus, if p= 3 a=2. 

• • 9 • • »y «)• 

• • i • • O, *M» 

. . 11 , . a, 6, 7, 8. 

..13 ..2,6,7,11. 

..17 ..3,5,6,7,11,12,14. ^ 

..19 ..2, 3, 10, 13, 14, 15. 

. . 23 . . 5, 7, 10, 11, 13, 14, 15, 17, 20, 21. 
'. . 29 . . 2, 3, 8, 10, 11, 14, 15, 18, 19, 21, 26, 27. 
&c. &c. 

But in general the first number in the table may be taken wiib advan- 
tage, being either 2 or 3 in so many cases^ and is therefore easily found 
by trial. 

If a is a primitive root of p, then every term of the series a, a\ a', o^, 
.... a'~^ leave different remainders when divided by p ; for suppose 
that, if possible, a"* and a"*' two terms which leave the same remainder, 
then a* — a*' is divisible by p, and supposing ni>m', we must have 
«"•"'"'— 1 divisible by p, the other factor a"^ being prime top. Now, 
if this were the case, a would not be a primitive root, contrary to 
hypothesis. 

Proposition XXV, 

52. If a be an imaginary root of the equation ^=1, where p is a 
prime number and a a primitive root to p, then all the roots of the 
equation are 

1, a , a » a > a > • • . • a 

For let any term of this series have a* for its index ; divide o^ by p, 
let the quotient be c, and the remainder r; then, since a'^^zcp+r, 

therefore a""* =(a''y.a''= a'; and we have seen that, in the series of 
remainders thus arising, r has all integer values from 1 to p<— 1, 
inclusive, though not in the order of the natural numbers. The above 
series differs only from the following in the arrangement of the terni, 
viz. ; 1, a, o*, a*, a* a**"*, 

which, by the preceding article, are all the roots of the proposed equa- 
tion. It is easily seen that of' is the same as a. 

53. Problem 9. The roots of the equation d^crl being (besides unity) 

... « «■ „> «* tf"* ' 

the series e> « % « » a" , a" , « > 

and the roots of the equation y^'ssl being represented by the series 

1, (o, w", w", *^~\ 

it is required to find the sum of the products of the correspopding 
terms in both series. 
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then, first, V*"* is such a function of the quantities a, a", a" , &c. as 
not to change when a"* is put for a ; for let V become V„ when a' is 

put for a, we readily see that, since assw'^'a" " , therefore V =: wVi ; 
whence \p-^=i\^P'\ 

And in like manner, if any other two of the same series of quantities 
be put the one for the other, which is equivalent to substituting some 
term of the series for a, then V"' will always remain unaltered. 

Now, in raising V to this power, wherever w receives an index higher 
than p — 2 we may depress it, since a»'~*=l,w''"*r=w, &c.; hence V'"* is 
of the form A, + wAa+w*A8+ H-w^'^Ap-i, which being afunc^ 

tion that does not change when a% a'* , &c. are put for a, the com- 
ponent functions Ai, A2, . . . A,_| must clearly have the same property. 

Suppose Ai, Ag, &c. actually expressed in terms of the roots a«, a" , 
&c. (and it is clear they may also be expressed in terms of the same 
roots in a diflferent order, viz. : a, a*, aP'^) ; let, therefore, 

Ai=ai+6ia-|-Cia*4-<^ia*' Pia*' • 

Put now a" for a ; and since Aj should not change, 

Ai=ai4-ftia**+Cia' 4- -hpitt 9 

whence we see, by comparing both, that 6i=Ci, Ci=(ii, , , , .pi=:fti ; 

henee Ai2=:a,+ii (a+aa-fa* .....a*^") 

where a^ is the term free from a, and bi is the coefficient of any power 
of a below p which we may choose* to select, and are therefore known 
numbers. 

Now, since 1 +«+a'+ aP"*=0 ; this gives 

similarly, Aa=aa— 6,, &c, 

hence V*^* is perfectly known, and from thence Vi. Moreover, since 
p— 1 is a composite number, we may, by decomposing it into its prime 
factors, reduce still lower the roots of unity required in the extraction 
of the value of V. 

54. Problem 10. To find all the roots of the equation j:''=1, when 
p is a prime number. 

Let 1, oil, Us, (1^1, •• • ••fOp^u ^ the roots of the equation 2^^'=1, 

and let Vo=a+ a«+a«' +af + +of'\ 

Vi=a+ wia«+ w% a"' +w^ o»' + + wr'a"*^*, 

V,=a + a;aa« + «'aa-* +W8»a"" + . . • . . +a;/-*a-^"*. 



8 ft rtP"* 

where Vo is manifestly == — 1, and V„ ¥» are derived from Vi by 
writing a;^, ois, &c. for (o, and the calculation of Vi, as in the last prob- 
Ijeniy determines all the others. 

Then by the properties of the roots of unity already mentioned^ we 
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haire V.+V,+ V.+ X + V^ =^~ 1) a. 

Thus at! the roots are known. 

If, for example/ we apply this method to the equation ''^l, we 
will find 

4a=-l+V^+ -^(-15+207-1)+ ^(-15-20^^). 

The rational part in the roots of an equation of any deirree is the 
coefficient of the second term with a changed sign divided by the 
index of the first; and in the present instance, a, a*, a*, a\ are the 

roots of the equation ; =a?*+j'+ «•+«+! =0, and accord- 

ingly, ~ T i* the rational part of its roots. 

55. This process admits of a simplification, since p — 1 being a 
composite number, if c, 6, be its prime factors, we may take for w a 
root of the equation 2*= 1 different from unity ; this root will mani- 
festly be common to the equation ^^'^ = 1. 

1 Then V will be composed of b groups of terms in which the powers 
of w will recur in the same order, and which enjoy common properties 
with V ; thus if 

U.=«'+a^ +«-••+ +«-^*-*^-. 

U,=«- +a--^'+a-**> +a-^*^ . 

XT— •• i_ «*+*i «*'+■•. ^ .a-DH-iJ 

Ut=a"' + a* -t-a* +....+a" , 

Tlien V becomes U,+«U|+w*Ua+. . . .w*-*U..i. 

V will by the same reasoning be a function not changing when U« 
is changed to Ui , U| to Ui , &c., which is precisely the same as 
changing a into a'; this is obvious by inspection of the tbrmulae above 
given for U« , Uj , &c., and by adding the c values of V thus deduced, 
multiplied respectively by the corresponding cth roots of unity U«, Ui, 
&c., will obviously be found in a manner strictly analogous to that of 
the previous process for finding a, a% &c. 

Next, to deduce from heiice the values of a , a*"*, &c., make 

U=: a+wV + «'«a-"'+ + i/"' a-^*""^'*, 

where n/ is a root of the equation i^szl ; and it is clear by similar 

reasoning that U* is a function of a , a* , ^c, when for a, a*' ... is 
substituted ; U* will then, like V'"' in the problem before the last, be 

completely known, and from thence, as in the last problem^ a, a*' ,&c. 
are readily deduced. 



• 1 

I 
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Gauss was the first who took advantage of the properties of prime 
numbers to make the indices of the different roots of unity proceed in 
geometrical progression, and from that he deduced the solution of 
binomial equations bf prime degrees ; the preceding theory, founded on 
the same idea, and remarkable for simplicity and symmetry, is due to 
the great analyst, Lagrange. 

The same process is easily extended to the cases where ju, — 1 has 
several prime factors. 

Example I. Given .z^— 1=0. 

Here ft— 1 =4, therefore, c=:2, &:=2, and w as well as «/ isa root 
of the equation ^=1 (which is common to y*:=il. The primitive root 
for 5 is also 2 ; we have, therefore, 

V= a + hfa* + «*a* + u^or (a being a root of x^=z 1 ) 

=U,+wUi . 

Hence, V*=(Uo«+U»«)+2a)UoUi. 

Now since Uo=a + a* ; Uo«= «•+«•+ 2. 

and since Ui=a«+a'; Ui*=a*+a + 2, 

therefore, U/+Ui*=4 + a+a'+a"+a*=3 ; 

and UaU|=a'+a+a*+a'= -1 : 

wltence, V*=s3 — 2«. 

Put for 4^ its value —1, and form the equations for Vo , Vj . 

Hence Vo=a+a'+«'* +«*' = -l = Uo+U. ; 

therefore, 2U,= -1 + V5, 2U»=-1-V5- 

Tlius, U, , Ui, are found exactly by the steps indicated in the 
general process. 

Now, to deduce the values of a, a»* , &c., put as above directed, 

U=:of+«'a" , where «'=«ss - 1 ; 
V'=(a+w'a*y = «« + a/' a +2a/ ; 



then 
but 



2 



hence Ifr^ "" q » therefore, a''a*=l^^ » 

^ •» • 

-1 + V5 
and a + a*=U^= 5 

whence a, a\ are known ; and similarly «% «•, which differ only in 
the sisrns of the radicals. 

F 
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Example 2- j:'— 1=0. 

Here, p-'l=:6, of which the factors are 2 and 3, and the least pri- 
znitiye root is 3 ; therefore the roots axe of the form 

1, Of, a', c/, cr', c/, «/, or 1, «, a*, a\ a*, a\ a*, observing 
thai (/*=! , when m is integer. 

Take for w a root of the eqoatiob ^=1« and therefore **/ is a root 
of the equation 2*=!. 

; V=:«+«a'+«V +«'£»' +«*£»»* +i-*a^, 

Now Uo*=(a«+c^+a) + -2(a»+rt»+(:^) , 

U,"=(«"+a*+a»)+2(c^+a+a*) . 
therefore U/+ U|«= - 1 - 2= - 3 ; 

similariy, U.Ui=3 - 1=2, 

therefore, V"r=— 3+4«; put now —1 for w. 

Hence. U«+U|=-l, U.-U,=:V-7, 

2U,= -l+^-7, ' 2U,= -1-/^, 
It remains now to find a, c^, a\ from U«, U, ; 
put therefore, U=:a+w'a*+i«/"rt*, "l 

then U«=Ai+«'A,+«"A,; 

where * A,=a'-fa^+a*+6=U,+6, 

A,=3(a*+«»+a)=3Uo, 

A8=3(a''+a*+c^)=3Ui. 

Put now for lu' its three values 1, ^ , — , and 

denoh*, in particular, the middle one, by */, and let U., U/ , U/ be 
the corresponding values of U; we have 

whence a, &c. are found by addition. 
Examples for practice : 

a?"-l=0, J7"-1 = 0, ar»''-l=0. 

With respect to the last equation of the seventeeath degree, since 
p — l = 16r=2.2.2.2 its solution will depend only on quadratic surds, 
and comparing the real and imaginary parts of tlie roots with 

cos — 4.V-I sm .^, 

where m is any integer below 17, this being the trigonometrical form 
of the roots, it follows that the division of the circumference of a circle 
into 17 equal parts depends only on the solution of quadratic surds. 
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and therefore maybe eOTected by constructions, such as Euclid has 
given in his fourth book of Elements, for the division of (he circum- 
ference into 5 equal parts ; when j9=5, then j9 — lr=4:=2.2 ; this is 
the cause of the practicability of the latter by the right line and circle 
only. 

(56.) On the uniform methods proposed for the solution of equations. 

It is of great advantage in all branches of analysis to bind together 
isolated methods of solving problems which are at' bottom of the same 
nature : the advancement of analysis has been principally thus achieved ; 
classification to 'the chemist and naturalist generate science; compre- 
hensive processes are the perfection of ans^lysis. 

Two are here selected of several methods proposed at various times 
for the solution of equations, all of which in reality have much In com- 
mon with either that given by Lagrange or that by Bezout, the first 
distinguished by the symmetry of its processes, and the second by the 
facility of its application. 

Lagrange's method {Berlin Memoirs^ 1770, 1). 

Let the roots of the proposed equation, of the Tzth degree, be denoted 
by •Ti, <7a, Xs • • • •^m &nd let to be one of the imaginary roots of the 
equation 3/"=! ; lastly, let 

At first sight the number of values of V" appears to be 1 .2.3. .. .71, 
such being the number of possible permutations of j?, , a^g , . . . . .jr, 
among each other, but in general they are reducible, for the changes 
given by these permutations are the same as if the different powers of 
w by which they are multiplied were permuted inter se. 

Now the simultaneous change of Xi into x^ , «ra into jr^ , jPb into sc^ , 
ar,_, into j-n, and x„ into Xy evidently changes V into i*^""^V; the simul- 
taneous change of jTx into x^^ x^ into a'*, &c. changes V into ^""'V, and 
so on ; consequently, the changes of V" are only 1.2.3. . . .(71 — 1) in 
number. 

Let V-=Xo-f'»'Xi +'«'%+ +«>"-' X,_i ; 

the quantities X©, Xi , X,, &c. will evidently have the property of not 
changing when Xi is changed to .rg, jr^ to Xg, &c. simultaneously; and 
if we put for to the successive roots of unity, V" will take successive 
values which we may represent by Vo* , Vi" , V," V„_i% where 

Vq SS iTj t tTj t- Xs "!*•••• "1 *^» 

Vi = JTi + WTs + «'J?« + ....+ «""* X, 



'n » 



V,_i= Xi -|-w""' A +«""* Jg + . . . . wJ", 



U 9 



whence J?i , a-g , . . . . cr. , will be known when X© , Xi . . .X„_i , are 
known, because these determine V,, Vi ... . V,i_i . 

Vo is evidently the coefficient of the second term of the equation 
with the sign changed ; and if we add these equations afler multiplying 
each by that power of unity which is supplementary to n, in reference 
to that by which any root which we wish to find is actually multiplied 
in these equations, we get 

F 2 
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«t/= V.+ V, + V. + . . . . -f V._| . ' 
7/T.= Vo+ «-' V»+«-«V, + ....+ i-V._» , 

wjT, =s Vo+ «Vi + w«V, + + w"-» V,_i . 

In seeking the quantities V|" , Vg",. . .V..!" , we distinguish the cases 
of n being a prime or a composite number. 

In the first case, suppose these quantities to be roots of the equation 
t?-"* -ar"-* +^"-^ — &c. =0. 

Then a = Vr+ V,- + .... +V„.|-, 

6 = v; v.-+v,-v,« +. ... +v,_.- v..r, 

&c. 

the quantities a, 6, &c., by the various permutations of j?| into Xt , &c.; 
admit of 1.2.3. . .71 — 2 values ; the determination of the coefficients of 
the reduced equation depend therefore on the solution of an equation 
of this degree, which is higher than the proposed when n is any prime 
number > 3. 

When n is a composite number we can tuke for w that root of unity 
which is common to ^"=1 and z^=: \,p being a factor of n : thus, as in 

the binomial equations already treated, V will be composed of - groups, 

and so will V, by which each of these groups may be determined as 
before, and then the same process repeated for finding the actual roots, 
using those roots of unity given when the other (iictor of n is the index. 
Oftlie whole of this general process the preceding solution of binomial 
equations is an e:xample ; a few more will completely illustrate it. 

Example, jc^— Ax + B=0 roots Tj, Tj 
In this case cu is a root of the equation y*^zl and 

V = Ji -I- w J?, 
V» = Xo + wX, 
where Xo = x* + Xg* = A* — 2B 
Xi = 2j?iarj = 2B 
Put for w its valjcs 1,-1 

Vq — ^0 "T" "Ai tss A. 

Vi« = Xo-X. = Aa-4B 

and by the general formulae for the roots applied here 

2 .^ = Vo + V, 
2i', = Vo-V, 
(In all cases Vo = A) : these are the known values of the roots. 

Example 2. j^—Aj;''-1-Bj?-1-C roots a:p x«, t^. 
Here w is a root of the equation y'— 1^=0 

V =s J, + <*> -^a + w' -Ta ^ 
V» = Xo + a»X. + 6i«X, 

2)lq 2^ Xi T iTjj "t" X^ "I" tJXj X^ X^ 

Xi = 3(xj« jr, + J^*!* J-a -f Jr^*i^i) 
Xg = Six* Xi + X* Xi + Ji* Xa) 

Xi Xg are the roots of a quadratic equation (the coefficients of 



J 
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whicH, depending generally on an equation of 1,2 n— 2 dimen- 
sions, are here rational), this equation is easily formed, since X|+X« 
and X1X9 are clearly symmetrical functions of the roots. 

Then V. = t^ + JTs 

Vi = 4Pi + wTg + w'jr, 

give Xi, Ti, j^a, V|% Vg», being what V« become when < ^"~"» 



are successiyely put for unity. 



-1- ,/-3 
2 

(57.) The method for the general solution of equations given by 
Bezout in the old Memoirs of the Institute, applies with uniformity 
and comparative simplicity to several cases, and its processes have 
been greatly improved by Mr. Lubbock in a MS. memoir, which he 
has kindly permitted the author to consult; the processes of elimina- 
tion between several unknown quantities of the first degree, afe com- 
pletely avoided in Mr. Lubbock's method, which is here adopted. 

Let ^(<r)=:0 be an equation of n dimensions of which the roots are 
sought. Moreover, let/(^)=:0 be an equation of any given form and 
of n dimensions in y, and lastly, let xzsF(y) ; the latter function 
ought to contain n coefficients in order that the result of the elimina- 
tion of y between /(y)=0 and j:— F(y)=0 may be rendered identical 
with 4i(x)i which has n coefficients; hence F(y) must be at least of 
n — 1 dimensions. 

Now the equation /(y)^0 being of n dimensions, and chosen »^ 
pleasure, we may suppose its roots yi, y^^y^ y, to be known quan- 
tities. (See Art. 36.) 

The result of the elimination, which will be the same as ^(<v), if we 
suppose the coefficient of x^ in the latter to be unity, is therefore 

{^-F(yi)} . {^-F(y,>} . {x- P(y.) }..... {jr-F(y,)}=*(aj) 



Hence Log. {1.5:^}+ W.{l-?:|^} 
Xog.{l.?:^?=>} = Log.*^^> 



in which expression all the logarithms are to be expanded according 
to the descending powers of x. 

Now let Log. ~ = — -I — I +— L &c. ad inf^ 
^ X* X x* or , 

and let F(y.)+F(y,) +F(y.), &c. = S, 
' {F(yi)r+{F(y.)}»4-&c. = S. 

.1-1^ jS. 1 S, IS. „ I A, A, A. ^ ^ 

therefore -{^,+-^'^ + 3 -^ + &c. } =^ +-i +^. &c. 

comparing the first 7i terms we find 

Si=-Ai S,= -2A, S,=:-3A, S.=:-nA«; 

that is, we have n equations between the n unknown coefficients which 
enter the assumed function F(y) ; if the coefficients be thence defer- 
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ininable, the n values of x (which are the roots sought for the equation 

0(j:)=O) will be ar=F(y,), xi=F(y^ *=F(y.)» where the form 

of the function F(y) has been determined bj the above process^ 

The principal labour in the application of this method arises in the 
formation of the symmetrical functions denoted above by S^, St, S^ &c. ; 
this will obviously be most abridged when we take the ftinction F(y) 
of the lowest dimensions possible consistent with the number of con- 
stants in 4^(x), that is of n — 1 dimensions ; if taken of higher dimen- 
sions, some of its terms would remain indeterminate, and we should 
then be at libeiiy to impose a certain number of additional conditions 
on them ; but in the case where /(y)=0 is the binomial equation, y" — 1, 
which is chosen generally on account of the simplicity which it gives 
to the functions Si, S,, &c. from the properties of the roots of unity 
already demonstrated, such additional terms would be utterly useless, 
since the function ofy in this case^ of whatever degree it may be, neces- 
sarily sinks to one of (n — 1) dimensions by Prop. XXIIl. For these 
reasons we shall take F(y) to be of (n— 1) dimensions, and /"(y) to 
be y"— 1 in the applications which follow. 

l-€t F(y) =j3+gy-|-ry*+»y"+» &c. ; then putting for y the n roots of 
unity in this series, and taking the sum, we find Si=7tp= — Ai, there- 

fore 0= 't and it is evident that Ai, which is the first coefficient in 

n 

the expansion of , must be the coefficient of the second term in ^(r) : 

hence we see, as before, that the rational part of the root of the equation 
^(j:)=:0 is that coefficient with its sign changed and divided by n ; 
we see also that the application of the present method is facilitated by 
previously taking away the second term, for then p=0, and we have 
only 71 — 1 quantities 9, r, 9, &c. to determine ; but no particular advan- 
tage arises by taking away more than the second term, for such a change 
would not alter the number of unknown quantities, and would but little 
. affect the manner in which they are involved. 

Example (1.) ^(^)=:«*+aj?-|-6=0 

/(y)=y*— 1=0 roots -f 1 and -1. 

j?=p+gy 

therefore ^(t)= {x - (p -hy) } . {x-^ (p — 9) } 

and comparing with the given form we have 2j9=— a, fl^—q^^ih 

therefore p=:- 1 ^~'V (? ""0 

whence a;= - | ± \/{^ - H 

Example (2.) ^(ar)=«»+«x-|-ft=:0 

/(»)=y'-l = 5 roots 1, w, w«. 
x—qy-\-ry^ 

Therefore, 
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therefore (g+r)* + (gw.+ rw*)» 4- (gw*+rw)* = — 2a 

and observing that l+w'+w*=l, l4-w®+w'=3, &c. these equations 
become 

3qr = — o 

9» + 7*= - 6 ; 

from whence we easily find q and r, as in the ordinary solution. 

With respect to this method, it may be observed that when the equa- 
tion /(^):=0 is of the binomial form, it no longer essentially differs 
from Lagrange^s method, and when it is not of that form, it will not 
generally lead to a solution; hence its advantage, if any, consists in 
the mode of its application. 

The problem of the algebraic solution of equations in finite surds 
consists in reducing a polynomial to a binomial, or system of binomial 
equations : the last term of the binomial in equations of degrees higher 
than the fourth is a dcmi-symmetrical function of the roots of the pro- 
posed, which circumstance is due to the fact, that the roots of unity Co 
a corresponding degree do nut enter in a perfectly symmetrical manner 
in the (brm of all the roots of the proposed equation except in particular 
cases easily foreseen; such as in a 5^^ power we may haveX|=:^ce 

x^zsiw^lja + tai/fi in which lu is used to represent one of the ima- 
ginary fifth root of unity ; for the perfect symmetry ought to exist not 
only with respect to w, w', w", w*, w*, (by the substitution of any of 
which for another in the above formulae we produce another root,) but 
also with respect to the interchange of a and fi (which also happens in 
this case) : now as both these properties cannot exist when the roots of 
unity have more than two imaginary roots, except in particular cases 
such as the above, the deficiency of symmetry in the assumed form 
ought necessarily to cause the reducing binomials to be demi-symme- 
trical — such too is the actual form obtained in the Memoirs* before 
quoted. 

Since the general form of all the roots in the case above mentioned 
is included in the equation x:=Hi}yfa'\'Ut* ^(iy by merely putting for at 
all the fifth roots of unity successively, we find by taking the odd 
powers 

a»=s(<y«o*+««i3^)-f 3(a/3)* (w^a+«*^i3) 
or a^- 3(a/3)^ x]=i w'a * + wV/3* 
and a?»=(a+/3) +&(«'«*+ ^t'*/^). (a/3)*^ + 10(a)a*+w*/3^) (a/5)* 
=:(a+/3) + 5(a/J)'* {x*— 3(a/3)* a:} + 10(a/3)* .a? 

therefore ^-5(a/3)"* .a*+5(a/3)* jr=a+/3 

where we see that the particular root of unity (w) employed disappears, 
because of the symmetry of the roots when only one pair of the ima 
ginary roots of unity enters the formula for the roots ; and the same 

* Transactions of the R. S. 1837. 
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thing is general for equations of any degree. Hence equations of the 
form 

a*+A^+^ . A«x+B=rO 
are easy resolvable. 

(58.) We can form the more general equation of which the roots 
are J?=:«;|^a+«ir-'y^, jp=i#«V«+«""*yA JP=«^;^a+w-»y/3. &c. 
(where i#^=:l) in a similar manner, this equation will be of n dimeu- 
sion», and if we make ija^^p we have by Art. 24. Ex. !• 

Hence an equation of this form may be solved by putting the last 
term with its sign changed equal, to a+jj, and the coefficient of the 

second term divided by n will give p or ija^ : these equations are 
sufficient to determine a and /3, and from thence all the roots of this 
equation are known. 

fiut according to the method of Art 57, we may suppose this equa* 
tiuu to arise from the elimination of w between the equations 

jp=:«yo+i#-' V^ and •/- 1=0. 

Now we may observe, that by the properties of the roots of unity, 

the sum of any odd power of the different values of jt is zero, while in 

any even power the middle terms repeated n times will aloue remain 

after the addition, all these powers being supposed less than ?f. Hence 

S.=0 S,=:2/ip S,=0 S,=l^.ii/iVS.=0 S.=J^p»&c 

which values being substituted in the logarithmic expansion of the last 
qitoted article gives (writing unity for x in tliat identity). 

= Log. {1 — nii+— ^-y-.p^ j-g^g r.jr'&c.} , 

in which equation either series is supposed to be continued until p is 

raised to the power or » " ^ ' ^"^ ^^ '^ ^^^^^ ^^^^ ^^ identity 

thus true for this number of terms whatever n may be, would be also 
true were both series continued ad iiifinilvm: we thus fiud that 

!ii ««^!!(!!=2> ... «0t-4 )(n-5) , ,\^rl 

is a quantity independent of n, 
hi Older to determine th'is quantity, suppose ns= — 1, and it becomes 

, , .4 , , 5.6 ^ , 6.7.8 , „ 

i«i 11 11? 1^£* 

^ ^ 1.2 11.2.8 1.2.8,4 J , 

_ l-V(l- 4p) 
2p 



{ 
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From this resull the following remarkable expansions are easily de- 
duced. 

ad iiij. 

ad inf, 

l^^]^4p 3 ._^4.5 ,,5.6.7 ^, ^ 

(59.) Scholium. There are some important trigonometrical series 
which are intimately connected with the preceding, and upon which 
some obscurity is allowed to remain in most treatises on that subject : 
it will be therefore useful, though somewhat irregular, to consider them 
here ; since simple algebra is sufficient to remove the difficulties which 
surround them. Whatever may be the value of 7t, we have generally 



ii±jaz.jp}\\ j i-v(i-4p) i" 



i—^i 



, «(/i-3) . w(n— 4)(n--5) . 

^ «. »4.i . «(»+8) ,+, , w(»+4)(7i4-5) ^3, - J • ^ 
+p"4-w/>*+» + — y^-^-P + fY^s . p^' + &c. flrf iftf. 

where the general term of the first series is 

w(n — m— 1) (/I — m-2). . ..(7i— 2m+l) 

1 2 3... ~Tiii • ^""^'^ 

therefore when n is a positive integer the coefficient of (— p)" will be 

zero as long as m is between n— 1 and — ^ or - + 1 inclusive, 

namely, -^ when 7t is odd, and -+1 whenn is even; these vanish- 

ing terms occur for any integer value of n which is greater than 2 : 

thus if n=3 or 4 there is only one vanishing term ; if 9t=5 or 6 there 

are two such terms, and so on. Hence the number of terms of the 

71+ 1 n 
first series which precede the \iinishing terms is — —- or - + 1 and 

the succeeding terms do not again re-appear until m becomes equal to 
or greater than n. The successive terms which then emerge are ex- 
actly equal to the first, second, third, &c. terms of the second series 
taken with a contrary sign. 
Tlius the coefficient of 

n.-l.-2 -Qt-l) r_iy-:(-iy»-»— -1 

^■"1.2.3 7t \ .„ 

the coefficient of 

M-i::::'''-^'""^ -Q^ + l) /« i)-+i- (-1) "+» . w=-.w 

^ 1.2. 3 Oi+l) ^ ^ ^ 



con- 
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'^the coefficient of 

-,,4.«^ ^- -3.-4 -(n+ 3) /_iN,+f-:/_n«M^ n.n + 3 

^ ""1.2. 3 (n+V . ' 1-2 

_^ n.7i + 3 

"" ■" 1 . 2 
&c. &c. 

therefore the terms of the first series which emerge, after the vanishing 
terms, are destroyed hy the addition of the terms of the second series : 
hence in the case of n being a positive integer we have 

71-^ 1 ft 

tinned only for — - — terms when n is odd, or - +1 terms when n is 

even. '^ 

There is another case in which the series is terminating, namely, 
when n is a negative integer, for then the second series contains va- 
nishing terms, and those which succeed them are destroyed by the first 
series. 

But when n is not an integer, it is obvious that none of the coeffi- 
cients in either series can vanish, neither can the terms of the second 
series destroy by addition any terms of the first, since none of the in- 
dices of J9 in the second are then integer, and all the indices in the first 
are such; we can however introduce the terms of the second in alter- 
nate places amongst the first in the order of the increasing magnitude 
of the indices of p, and the infinite series thus resulting will be the true 

value of the expansion in this case: thus, let ^=^ then 

1.2' 1.2* 

=:V{^"l"?P } * result which is obviously true. 
Having thus obtained clear notions on the algebraical expansion of 
the sum of the n^ powers of the roots of the equation .r"— a;+p=0, we 
may deduce the trigonometrical series for the cosine of the multiple arc 
in terms of the powers of the cosine of the simple arc in the following 
manner : — 

Xiet p =:--j — — in the preceding equation, of which^the roots will 

, cos e + J— I sine , cose — J-- I sine . -. 

then be ^ and :t-^ the sum of the 

2 cose 2 cos e 

o Qfig nO 
71* powers of which is -r^ rri by Demoivre*s theorem, and substi- 

'^ . (2co8ey 
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tuling in the series ttbove given for the expansion of \ — ^~ ^ f 

+ \ ~ ^f , and then multiplying both sides by (2 cos 6)* we 

find 

2 cos 71$ = i2cos eT - n(2 cos $)*-* + ^^"" (2 cos 0)"-*— &c. 

J. • » 

+ (2 C05 e)- +71(2 co«0)—» +^i^fj!il^ (2 co»0)— * + &c. 

n+1 
where if w be a positive or negative integer we are lo take only — -— 

n 
or Q + ^ terms, of the upper series for the positive value, and of 

the lower for the negative, inasmuch as all the other terms of either 
must vanish, or mutually strike out; but when n is not integer, the 
whole of both series must be retained, but then these series are di- 
vergent for real values of 6, 

The other expansions for the trigonometrical functions of multiple 
arcs being deduced from that which represents the cosine, it will be 
unnecessary to follow them up in this- place, having deduced the fun- 
damental theorem applicable to every case, from algebraical principles. 

For practice the reader may take also the cases of 40=' :: and 

(60.) In general, if the monomials of the form assumed for the roots 
of an equation are not transmulable both with respect to the quantities 
under the surd signs, and with respect to the roots of unity employed, 
these surds, on the inverse consideration, are not symmetrical functions of 
the roots, and cannot therefore be expressed by the coefficients of the equa* 
tion ; this in all cases is necessarily the criterion of the algebraic solu- 
bility of equations. The form of expression for those which are reducible 
to classes of a given form will be facilitated by expansions obtained in 
that particular form ; for instance, the solutions commonly sought are 
equivalent to the reduction of the equation to the sums of the roots of 
equations of the form y*=o, y*=a', y*=(/', &c., but any other sum 
may, as far as analysis is concerned, be as legitimately adopted ; for 
instance, the form may be the factorial y(y— A) (y — 2/i) (y — 3A). . . . 

(y—n^l.h) =a; instead then of arranging the left hand member of 
equations in powers, we should arrange it in functions of the same 
nature with those of which the inverses are granted to be known ; such 
is the true generalization of the problem of algebraic equations ; in 
symbols it may be represented thus : to reduce the solution of the equa- 
tion aF(x,0) + 6F(j:il) + cF(jri2) + pF(Xi7i) = 0, (that is the 

discovery of the simple relation of F(a:il) and F(xfl) ) to the conceded 
solution of the equation aF(^xfl) + PF^x^n) = ; in the case of fac- 
torial equations the following theorem will be useful. 

Theorem. Let us denote the product j:(a?— A) (x — 2/i) (x — Sh) .... 
(.r— (n — l)./i) of 71 factors in arithmetical progression [a?]", then shall 
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a tlieorem analogous to the binomial and identical with it when A=0. 

For let z represent any arbitrary quantity, then by the binomial 
theorem we have 

or adopting the notation suggested above for factorials 

Similarly 

< Now if the two series are multiplied together, the coefficient of 
- ] in the product is evidently 



©■ 



1.2....n '^^ • ^ ■' ^ • 1.2 -^ -■ -^ • , i 

However, since that product is the same as (1 + z)^ it may in like 
manner be represented by the series 

where the coefficient of the same power ( 7- ) is , .^ J' : the 

* \hj 1.2.3. .M 

equating this expression with that before obtained gives the identity 
announced in the theorem. 

Example. Let [j:]*+fljr=r:6, or x{x — A) + air=6 
add to each side I - 1 then 

where I "^ "^ o I <^«?notes the same as (•^ + 0) (•^ + 9""'0' 

such in this case is the simple equation to which the proposed qua« 
dratic is reducible. 

Thus it will be seen that the solution of equations in the algebraical 
sense only consists in reducing them to binomials of a particular form, 
and that form has the advantage which contains only pure powers of 
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the unknown quantity ; but the question admits of extension to any 
form of function in which «r may be re^Iarly involved. 

(61.) The early analysts (more particularly Tchirnhausen) have 
been much occupied with methods for taking away the coefficients of 
equations, and the same track has been pursued recently by Mr. Jer- 
rard in his ** Researches," with a power of notation much called for 
ill the complicated involutions of the higher degrees, and most cre- 
ditable to the inventor : but towards the solution of equations by the 
reduction of polynomial to binomial equations — these or any other 
proposed methods cannot advance nearer than the general methods of 
Bezout {3Iemoires de PAcad, des Sciences, 1765). Nevertheless an 
extended and close examination of the properties of what maybe called 
conjugate equations, that is, those, mutually reducible, or having ana- 
logous relations to the anahtical reduced equation, would have more 
value than as merely Fpeculations. Like the properties of elliptic 
functions, which, though not reducible to circular or logarithmic, have 
reducible differences, and have most useful applications in the pure 
and physical mathematics : so further researches into the surd tran- 
scendants, which constitute the roots of equations of the higher degrees, 
may not improbably remove some of the existing difficulties in differ- 
ential equations, and this surmise is only introduced to show that those 
who have reaped less fruit from this class of researches than they have 
bestowed labour, ought to turn their attention to extract valuable 
result;:, though different from the object for which they originally 
started. The reader who will consult a Memoir presented by the Au- 
thor to the Royal Society, on the analysis of the roots of equations, 
will see that many beautiful properties are couched in tlie surd ex- 
pression alone of the roots. 

(62.) On the Solution of Equations by Scries. 

The method for obtaining series for the roots of equations contained 
in this article is taken from a Memoir communicated by the Author 
to the Cambridge Philosophical Society, and may be found by referring 
to the fourth volume of the Transactions of that body. 

Let the given equation be arranged according to the powers of the 
unknown quantity t, and by division make the coefficient of the first 
power of X to be unity. 

Divide then the equation by x, and take the Naperian logarithm of 
the quotient of its left member by the known formula 

Log. (1 + 2) = 2 - y +— -— + &C. 

Take the coefficient of - in this series, seeking what it is in each 

term ; this with its sign changed will be a root of the equation. 
For let the equation be 0(j?)=O, and its roots cr, /3, y, &c, then 

^(j:)=A(jt-«) (J-^) (x-y) ( &c. 

where A is indejiendent of jr. 

Hence 0(t) =r A'(x-«) (l - -|) (^1 - y). . ' 

whereA'= A. (-^3) (-y). 



• . • • 



Th„.fo. *^=A.(i-|)(i-i)(i-f) :.: 
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>nd Log. ^ = Log. A'+Lo-.(l - ^) + Log. (l ^j^ 

+ Log. f 1 j+ 

The only term In the right hand member whidi oontaim negatiTe 
powers of j: is manifestly 

The coefficient of - therefore in Jjog- -^ is — or, which with a 

changed sign is a root of the equation. 

(Example 1.) Given j;'+a<x+6=0 to find a root or. 

Here ^^-^-^ = a + j: +- 

X X 

Log. (^) =Log. (a) + Log. (1+^) where « ^(-^ + | ) 

1 Z* Z» 2* 

Hence — « = coeflBcient of — in z — r- +-zr + -r &c- 

X 2 3 4 

Now the coefficient of — in z =— 

X a 



in 


2» = 


36« 


in 


z^ = 






&c. : 


= &c. 



and no term involving ~ appears in the even powers of z. 

X 

Hence «=— I H— i+.— 5+ -t+ i + &«• ) 

\a or cr a^ a* J 

We can easily obtain, if we desire it, the general term of tlie series ; 



X + - I 



,, ^ . , - I . z*"^' (2n-l)(2n-2)....(n + 2) 6-+» 

Coefficient of - iii ^ ^- = — ' ^ . • . 

X 2/1+1 2.3 4 n a^^^ 

ib b* 4 b"" 6.5 b* 8.7.6 5* ^ \ 
Thus«=^ j- + ^ + -. a. + 2:3- 7^+2X4--? + *^-; 

We may observe that one root found by the surd solution is 

•=-|-V(r-0 

=-1+1-0-^)* . 
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__ an 46 ^ 1. 1 /^46Y. 1.1.3 /46Y. . \ 

which expression is obviously identical with that above obtained. 
Let S« be the nth term of either series, \t is evident that 

_ 2n(2n-l) (2/z— 2) (yi+ 2) b^ 

"^""2. 3. 4..../t ' a*"+^ 

, _ (2n-2) (2n-.8) (n+ 1) 

ana c»^^i=: 



2 . 3 * . . . w— 1 a 



2n-t 



therefc. S. = ^^^ . ^ .S,.. 

(7i+l).7i a* 



2n 46 



• "~i • S»«i 



, 1 o 

1+- 

n 

When n is sufficiently great, if 46>a* S, will be >S,«i and there- 
fore the series must in such case become divergent as the roots of the 
equation become imaginary. 

Before leaving this example, we shall examine' which root of the 
equation the series gives when convergent ; let or, /S, be the two roots, 

a + /S=— a aj3=:6 hence 

„ , a/3 a*/J* 2aT 

Let a be the least, then 

^^= a^/3+ay = a(l -| + |- ^. &c. adm/) 

because the series between brackets being convergent, we may regard 
it as strictly true when continued ad inf. 

hence if we add, all the terms mutually destroy except the first, and 
therefore the series represents strictly the least root 

This series is therefore a discontinuous function of of,/3 : being rational, 
it can only represent one of them at a time, though both are analyti- 
cally involved in the same manner. If we suppose one of them, as a, 
to be variable, and the second, )S, to be constant, the variable will be 
truly represented by the series, when it is less than the constant, and 
the constant afterwards will be represented. For further information 
on this subject, consult a Memoir by the Author, in Vol, IV., Camb. 
Trans., with the title, ' First Memoir on the Inverse Method of 
Definitelutegrals.' 

If the proposed equation 0(x)=O contains no term involving the 
first power of <i?, we may put ^=2 -(-A, and seek z by the same method. 
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or write the equation in the form x+(f>{xy — x^O and expand the 

{ih{x^'~~Xt 1 

1 + -^ t and lake the coefficient of — • 

Example (2). Given ^■+ aar+ 6= 

Here 5{:5iJ=l+— (6+a*)=l + — 
ax at ax 

suppose. Therefore 

Root = coefficient of — in — Log. (1 -^ — ) 

X ° ax J 

2^1 2« 4 ^ . 

ax 2 a*r* 3 a'^t" 



that is, we must lake the absolute term in , the coefficient of 

a 

X in —•-=■» the coefficient of a* in — - . — r- &c. 
2 a* So" 

Now since z^b-\-x* it is clear that the only powers of x which 

enter z^ 2', z\ &c., are the 71th, 2/ith, &c. ; hence, besides the absolute 

z I *"^* 

term in , we have the coefficient of x* in ( — 1)"+* • • . --r: 

a ^ n+i a""*"' 

1 r*""*"' 

of j:^ in — - — ; . ^., &c. ; these are easily found, and collecting 
2ii4-l o*""^\ '' ^ 

Ihem, we obtain 

_ _ ^ ^ 2/1 y*-' _ awCa/i—Dft'*-* __ 

*^ a (—0)"+* 2.a*"+» 2.3(-a)*-^» • 

which includes the former example when n:=2. 

Example (3). To find a a root of the equation x:=:i" 

We have here (jj(j)^x — &" 

1 r'\ 
therefore, » = cocffic ent of — in — Log. (1 ) 

X X J 

€ beings the base of Naperian logarithms. 

1 ffi"* 1 f*"* B^* \ 

Hence a = coefficient of - in < \- - . —:r4- . — &c I 

X [ X 2 x\ 3a' J 

Expand the exponential functions by the formula. 

Whence a=l+— + p^+——+ &c. 

a series of which -we shall examine the divergence or convergence. 
Represent the nth term by *», we have 



«« = 



Oi a) 



n-l 



1.2.3...(/i— 1).« 



9 __i5±ivv_ 

*^* 1.2.3.. .n.(M+l) 



same 
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it is obvious that the quantity - appears only in the (n— 1)*'* and sue- 

1 

ceeding terms. This sum is therefore the coefficient of - in the fol- 

lowing series, viz. 

r ' 1 b V~* (—1)" . b V"-* ]' 

lis value therefore is — 

b 2?i-2 6« (3n-2)(3n-3) b^ ^ 



(-a)-» 2 (-a)*"-^' 2.3 (-cry 

When x=:2we get tlie root of the quadratic before found. When jr—S 

b 2 6^ 7 6' 
it ffives rH &c. as the sum of two roots of the cubic a^ 

h 26* 76» 

+ajt*+6=0 ; and therefore the third root is — o -H r+&c. 

a* o* a 

By this theorem we can find all the roots of the equation 0(x)=:O ; 
for we have only to subtract the sum of m — 1 roots from that of m to 
find the mth. The reader must refer to the Memoirs already men- 
tioned to see that this method gives the m (numerically) least roots, 
not considering the sign. 

Example 3. *"•=€". 

Here the required sum is the coefficient of- in —Log. (1 — - \ the 

X OL J 

value of which, it is easily seen, is — 

fl-> ' (2fi^)^-^ (Sg)""-^ 

1.2...(m-l)"^1.2...(2m— l)'^1.2...(3m-iy 
The sum of m-1 roots is got by putting the equation under the form 

and repeating this process. 

(640 To find any given rational and integer function of a root of an 
algebraical equation. 

Let (r)=0 be the proposed equation, of which suppose the roots 
to be or, |3, y, &c. ; then, C denoting a quantity independent of jr, we 
must have — 

0(j:)=C(ar— «)(j?-/3)(j?-y) 

»^^=c'('-:)(>-i)('-;) • 

therefore Log. ^-^"^^rrLog. C'+Log. (l---VLog. (l-f") 

X xj pj • 

+Log. (l-f)+. . . . =Log. C'-(^+l.^+i.|+. ...y 

— &c. &c. ; 

G 2 
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in which expansion it is visible that the negative powers of^r are multi- 

1 a" 

plied by the positive j^wers of «, and the multiplier of — is ; in 

, J? n 

1 
other words, a" is the coeflicient of - in the expansion of the function 

0(X) 

-njc"** Log. ; and, making an accented quantity represent the 

derived function of that quantity relative to x^ we find a"r- coefficient 

of- in --(x-yLog.-^-. 

Hence, i^f(oc) be any function consisting of the positive and integer 
powers of a, excluding the absolute term, it follows that 

1 ^ ^W - 
/(a) = coefficient of - in — /"(j:) Log. ; 

X X 

for this is only to take n successively equal to I, 2, 3, &c., in the for- 
mula above found, and, multiplying by the proper coefficients in the 
expansion of/(x), to add together the results. 

Example 1. What series represents the square of the least root of 
the equation j:*+a^ + A=0 ? 

The given function being j^, the derived function is 2x, and there- 
fore o*= coefficient of - in — 2j?Log. jlH — (•^+"')|» ^^*^^ *s, in 

1 
velopment between the brackets we must take the coefficient of — ^ in 

the second, fourth, sixth, &c. terms, and multiply their sum by — 2. 
We thus find the required series to be 

— + — + — + &^-- 
or a* or 

For the coefficient of -^, in the (2/i)th term of the above-written series, 

X 



is — 



6-+^ 2«(2«-l) 00 



2nd 



— . — ,— :;; rr — > 21*^^^ therefore the correspondinfir-'term 

*" 1.2 '/i + 1 * ^ 



^,. . ^ . -26-+^ 0/)(n+l)....(2;2-l) 

of the required series is — r— . -— • . 

a"* 2.3 71+1 

Example 2. To find the value of a" in the equation x:=rcfi". 

/ c^\ eg"' r*s*" c'g***] 

Since — Log. I 1 )= \-\ — =- + J — r- + &c., therefore we 

• \ X J X X* a- 

must select in this case the coefficient of— from the terms of the series 

X 

(1 CV 1 c*+'£<"+*>" 1 c'+*6^+*'"* ) ' 

7K-. 1 —,' 5 1 — . &C.>, 

\ii X 71 4-1 ^ 7z-h2 x^ J 
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which is easily found to be 

If, instead of dividing ^(x) by x, we divide by «"*, it is plain that 
' .c same method shows that the sum of one and the same function of m 

of ruots is found by subtracting the coefBcieiit of - in the expansion of 

fix) Log. ^ from m/(0). 

By subtracting the sum so found for m roots from that corresponding 
to m+ 1 roots, we may obtain successively the given function of each 
root of the equation. 

When this function is not developable in positive integer powers of 
jT, we may apply the same method by making x^=k-{-Sf leaving k arbi- 
trary, and considering the transformed equation as one in which z is 
the unknown quantity. 

We must have recourse to the same expedient when there is no term 
in the proposed equation with the same exponent as that power of x 
by which we are to divide ; for the logarithmic expansion in x then 
fails. 

(65.) Problem. If 4i(y) represent any given functioivof p, it is re- 
, quired to expand according to the powers of k any other given rational 
and entire function of y, as f(y), y being connected with k by the 
equation 

y—a+k(l)(y). 

Put y=j:+^» and this equation becomes 

or— A:^(a+j')=0; 

and we are to find the expansion of/(y), or/(a+j:). 
The principles explained in the preceding articles give 

/(y)— /(a)=coefficient of -in -/'(«+ J?) Log. \l ^(« + ^)[t 

where y*(a) is subtracted, being the absolute term. 

Let Y^i(a) be put for abridgment for f {a),(t>{a)y "i^i^a) for 

f(a),{<lya)\ Ac., hcnce/(y)=r/(a) + the coefficient of - in tlie following 

series, viz. 

{^^^1(0+ j) + i .|. Y'i(a+x)+i-. ^.yfrjia+x), &c.}, 

and, expanding the functions by the general formula 

Y'(«+^)=V'(«)+JT'(a) + j-2.V'"(«)+&c., 
we find 

/(y)=yi:«)+*v.(«)+^{^.(«)}'+^{V'.(«)}".8«- 

Ccrollarr. When/Cy)=y, then /'(«)=!. w>d ¥'i(«)=^(ff). Y'tW 
= {^(«)}*> &<5., and therefore 
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These theorems are due to Lagrange, bot were obtained by him 
from the calculus of derived functions. 

For other similar but more extensive theorems, as comprehending 
several roots of the equation, it will be here sufficient to refer to the 
Memoir, already mentioned, on the solution of algebraical equations, 
in the Cambridge Philosophical Transactions. 

A remarkable inference relative to seiies of the above form is that, if 
we multiply two of them, the product will be of a similar form ; and so 
will the quotient when one of them is divided by the other, the fuuda- 
mental equation y=fl+^0(y) being common to all. For, if F(y) be 
another function of y, and n(y)=:yty)-F(y)» we have simultaneously 

f(y)^Aa)-\rkf{d) . <}>(«) +^ . {/(a) .(^a)«}' 

F(y)=F(o)+ArF(a).0(a)+-^. {F(a). (0o)«}' 

** {F'(a).(4>o)'}" + &c. 



2.3.4 



n(y) =n(o) +m'(a) .4>{d) + 5^ . { n'(o) . (^a)*} 
+2^.{nw(0cy}"+&c. 

The third series is therefore the product of the first and second, and 
the second is the quotient of the first divided by the third. This pro- 
perty may be easily verified by actual multiplication. 

(66.) Problem XII. To find the sum of the inverse 7ith powers of the 
roots of the equation x;=ia-\-h^(x). 

Let a, /?, y, &c, be the roots of the equation ; then, O denoting a 
quantity independent of ^, and 0(j?) being supposed rational and inte- 
ger, we have 

a — j? + A<36(a?)=:C(^— a)(a?-/3)(jr-y). . . . 

and Log. (a-a?) + Log.|l-h^^|=Log. C'+Log.^l--^ 

where C'=C(-«)(-/3)(~y)... . 

NowLog./r--j+Log.f 1-^J-f. .. .r=--^^^ j 






Therefore — r+-r:H — ;+. ... is the coefficient of a?* in theexpansion 
01 p' y' 
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of-nLog.(l-^)-«Log.{n-A|g} 

= —-— coefficient of j^ in 0(^)+;t7-' — r;i(0J?)' 

a* a — X 2(a— j?)*^ 

^^* , Nil O^ 

Let 0(j?)=:Ao+Aia?+A«a:«+A8^+. . . +A»a?*+&c. ; 

1 1 a? J?" X* J?* 

then, since :=-H — 5+-^-1 — t+. . • +-;rK+&c , 

a— J? a or ^ (T a* a"+^ 

therefore the coefficient of jf in -^=-it7+ — i+-T^, + ' • • 

a-x «"+' a" a""^ 



provided we admit none but negative powers of a. 



Let/(a)=;l, thcaf(«)=-^, 



^~ Tlflu) f J? I 

Hence the coefficient of d^ in ^=^hf' {a),^ {a) under the re- 



striction above mentioned. 



For the same reason, the coefficient of sT in 

and taking the derived functions relative to a, we have the coefficient 

of af in ^ ^ 2 = h^lf («) . (^o)* K recollecting that only negative 
(a — a?) I J 

powers of a are retained. 
Write (^('^))*for (^J7)*,and take the derived functions relative to er, 

hence the coefficient of j?" in 7^^ = ^ u' (^^ • ^^^^^ j ^^^ ^^ 
on for the remaining terms. 

Substituting these values in the expression for the sum of the inverse 
n'* powers of the roots, we find for the sum required, the expression 

f{a)+hfXa).^{a) + ^^[fXa).{^ay^'+-^^.[f 

when all but negative powers of a are excluded. 

11 1 o 

Corollary. Let S.= -— +-^+~+, &c. 

_J_ 1 1 ., 

S,+m— ^«+f»+ ^giHHHi+ »-Ni • 

then if a be the least of the real quantities o, j3, y, &c., »" S», and 
»"+"• S»+<» converge to unity as n increases indefinitely, and therefore 

c 
m the same circumstances -^^— converges towards aV", 
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1 - 1 

Putting now — =/ (flf) '-;^ =F(o), we have - 

S. = / (a) + hf («) ^ (a) + A' {/' (a) (^ a)' }' + &c. 

S.+. = F (a) + /. F (a) . ^ (a) + A'{ p' («) . (^ a)*}' + &c. 

both series being continued to infinity when n is infinite, and we have 
seen that the quotient of one such series divided by another must pro- 

duce a third of the same form, hence if v. ^ ^ rn Y' (a) = a*, we have 

F(a) 

«* = 4^ = 4>ia) + hyi^' (a) , (a) + -^ (V^' («) (<l>a)0' &c., ad t/j/". 

This accords with the result found immediately by the logarithmic rule 
for finding the m"power of the least root, and dtmoi»strates the property 
of such a series giving the least, when it gives a real root. • 

Example. To find the sum of the inverse n*^ po.vers of the roots of 

the equation j:*— «jc + p = 0. 

1 

Let ~ s= a ; then x = a + A ^ (x-) ; A = — » (j) = jp* : and 

s s 

/(a)=a-",hence/'(a)^(o)= -na'-'f (a); (<ii a)* =— na«-"&c., 
whence 

S.=/(ff) + A/'(a)*(a)+ -|'{/'(a)(^ a)'r+y {/'(«) •W«)'}"&c. 

» 1 . . « (** — •^) ,• 9 - 7i(«— 4) (/I — 5) _» . . . « 
= a-"— w/ia*— + — ^ — -Ji-a^-* ^^ — ^.A'a»-"+&c. 

to be terminated when the index of a is reduced to— 1. 

Replace now the values of a, h given by the equation, therefore 
-, «" *— - »{/r-3) «-* _ 

the same result which would be obtained by taking the coefficient of 



ar 



in Log. ( 1 ^ T )' ^^^ ^^^^^ multiplying by — w. 



(67.) Many instructive theorems may be obtained by applying the 
logarithmic method of solving equations. These will easily suggest 
themselves to the reader who has made himself familiar with the 
method. We give one example. 

To find a series arranged according to the powers of A, of which the 
logarithm is the same series multiplied by h. 

Let the sum of the series sought be represented by x, the conditions 
of the question require that Log. (jt) = hx. 

Now in this, and many other examples, a previous transformation 
greatly facilitates the application of the rule for finding the root. In 
this instance make each member of the equation the index of an expo- 
jiential, of which the base is f; that is, that of the Naperian system of 
logarithms, the transformed equ'atioti is :r = £*', the root of which is 
the coefficient of 
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l--j; tl.atis,in-+-.-p-+-.-p&c; 
and if we expand each exponential in this series, the coefficient of 
-,s readily fonnd. v.z., I + - H-^-^ +1:2X4+ ^'- 

Now« the property imposed on this series by the conditions of tlie 
question is^ 

Loff.{i+A+^2+TX3+M=M^+'* + r72+i:2r3M. 

Suppose A+Ar to be put for /i, then cT, which is a function of h, is 

A* 
changed to j? ^j/A + ''^'i^o "^ ^^'^ ^^^^^ ^ *'" ^c* represent the 

derived functions of a? relative to h ; thus 

x' = 1 + 3A H ^ &c. ; 

^ ^ 1.2^ 1.2.3 • 

the above identity being general will remain when A+^* is put for h ; 
that is. 

Log. |x + x'k + ^' j~ "*" *^} ~ ^'* ■*" ^H'^ "^ '''^'^ ^'t^aA 
from which subtract the original identity^ member by member, viz.. 

Log. X = /ix, 
hence, 

I + -J.it + ■^.^*&cf = (i^ + /ix') ^ +(0:' + -g- j *» + &c., 

and if we equate the coeiRcicnts of like powers of k, we shall obtain as 
many separate indentities, the first of which is, 
x' , 

X 

,. . 3A« 4'A» ^ ^ . ,^ 3^« 4Vt» 5W \ „ 

■=(^+^ + r:2+TX3*^>+<^+T+i:2+T:2:3)*^: 

. 3W 4W 
therefore (I + 3A + — +77273*^*^ 

qjLl 4*A* S*A' 

=(^+*+t:2+tx3*->-<^ + 2*+r:^ + **=•> 

A" 
Equate now the coefficient of 7-— -r in both members of . this • 

identity, hence 

(,1+2)-= (w+1)" +n. n-' +!ilii~.3.(/£ - 1)""' 

+!L(!izJl^^)4.(«-2r."&c. 

cr which, if we please, may be written in the following form : 



1 
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provided n is a positive and integer number. 
(68.) Reversion of series. 

When the number of the terms in the left member of an equation is 
infinite, and they are arranged according to the ascending powers, 
the equation is of the form 

oj? + fcjc" + ex* + CJ?* + &c. s= { 

to find the value of Xy arranged in a series according to the ascending 
powers of £, is, in other words, to revert this series. 

This general problem may be solved by assuming a series with inde- 
terminate coefficients, nsx= A • {+ B{* + Cf* + &c., then 

a:«= A«r + 2ABf + (B« + 2AC){* + &c. 
a:» = A«4» + 3A*B£* + &c. 
0^ = A* {* + &c. 

Substitute these values in the given equation, and then compare the 
coefficients of like powers of £, you will thus find 

aA=l 

aB + *A' = 

aC +26AB4-cA»=0 

aD-^-b (B* + 2AC) + 3cA'B + eA* = 

&c., 

whence A ^ — 

a 



d' 



c 2b 



2 



c = -- + 



a* o* 






o* a« a? 
&c. 

Example 1. Let a? + J:*+ cfi ■\- x^ •\- &c, = {, 
then a = 1, 6 = 1, c r= 1, c = 1, &c., 

therefore A = 1, B = - 1, C = 1, D = - 1 &c., 

or j?=£--f+P — 4* &c., 

which may be verified by observing that the given equation being tlie 
same as - — =- = {, or j? = f — a: $, 

we must have x =- — - = J — f * + ? —5* + &c, 

•t TS 

Example 2. Let a? + -^r 4-^ +4-4 &c. = J 

2 3 4* 






therefore 

2' 2 8 2.3'*'_ 4^6 8 2.3.4 
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therefore *= « - y +273-074 + ^^^ 

which is also obvious, by considering that, since log. (1 — j?) :=: — 5» 
therefore j: = 1 — «" L 

(69.) Definition. If when 4^{x)^=^y^ we have x=f(y)y the 
function represented by / is said to be inverse to that which is repre- 
sented by <f>, and the notation 0~' is used to express this inverse 
■function. 

Problem. To find the function which is inverse to any given 
rational function of Xy as ^ (x). 

If we form the equation <}> (h) = jy, we have A=<{>~* (j), it is ther^- 
, fore only necessary to determine h in this equation. 

We may put this equation under the following form : 

themA = ? . / (ft) 

from whence * = 4 • /W + ^ {(/*>'}' +i:§78 {(/*)*}" +• &<=• 

h being supposed = in the right-hand member of this equation. 
therGiore 



+ {r^^(0)}» 



LU(^)~0(o)/J 



1.2.3 

+ &c. 
jc being put = in the quantities included by sqitare brackets. 

When 0(J?) vanishes with x, the form of the inverse function is 

*-<•)=. [^]-S-[fe)-jH-if^3[fe)T- 

r 

Example. Let 0(j?)i=ajr + 6j:' + ca!^ + ca?*, &c. 



x' 



then -— 7=T tn (a + b X + c J[*^ &c.)""* of which the absolute term = a"*^ 
( — j = (a + 6d? + cj:*, &c.)"* ; coefficient of a; = — 2 6*a"* 
f — j = (a + 6a? + ca^f &c.)"*, ^when the ^coefficient of 

&C. 

therefore 0"* (a?) = ^ r- + ^ T~^ » &c. 
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the coefficient of a" in ^"^J?), being the same as that of a?""* in 

-ia+ bx+cx\ &€.)'" 

n . 

The method of indeterminate coefficients may be used when there 
are two series, one arranged according to the powers of x, and the 
other to those of y; the one vanishing when 07=0, and the other when 
ys=0 ; thus if. 

ay + hy^ + cy' + ey*^ &c. ina' x + V x* + c'a?® + e* x^ +, &c. 
put y = Ax 4- B a:* + C Ji^ 4- D a:^ + , &c. 

then substituting and equating the coefficient of hke powers of Xy we 

have 

a' 
aA = a* therefore A = H — 

a 

aB + bx\' = b' B=+-~^ 

a (T 

aC + 2^»AB + cA»=:c' c = - - ^' - ^V<^'- 6a'0 

a \a^ a^ ^ . ^ 

&c. &c. 

where, if we accent ihe unaccented letters, and remove the accent 
from the others, we shall obtain the coefliicients in the series arranged 
according to the powers of y, by which x is expressed. 

' Put ^ ix) '= a'^ + b'x- + c'j* + e'x\ &c. 
V' (y) "= ay + hi/ + c3/»-f ey\ &c. 
then since "^ (y) = cl>ix) therefore y = f"^ <^(j^) 

But 

(x being ultimately put equal to zero within the square brackets), 
in which, if we put for <fj(x) (0{j:))', &c., their values arranged accord- 
ing to the powers of x, we shall obtain the same value of y as befoi-e ; 
but in many of the astronomical applications ^(x), (^j)*, &c., must 
be expressed, not in powers, but other functions, sucli as the circular, 
in which case the terms containing like multiple arcs must be taken 
together. 

(70.) Recurring Series have been much used by Bernouilli, 
Euler, &c., in the solution of algebraical equations ; we shall here 
trace their principal properties and appHcations. 

Definition. Let S = Wi + w, + Wj + 1^4 -f -j- 7/^ + ^ &c., 

represent a series, of which the general, or j:lh term is ?«, ; if this 
term be such, that any term is the sum of a given number of preceding 
terms multiplied respectively by given constants^ it is said to be 
recurring. 

If 7^1 be the number of such constants, it is evident that m terms 
must be given, in order to form the series*; these with the m constants 
form 2m arbitrary quantities necessary for the foru.ation of the 
sedes. 
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The m constant multipliers are called the constants of relation : by 
the term constants is meant, that they do not vary with the number of 
tlie term of the series which they multiply. 

Example 1. One constant of relation 3, and one given term of the 
series 2. 

Series 2, 6, 18, 54, 162, &c. 

thus the g^eometrical is the most simple of recurring series. 

Example 2.' Two 'constants of relation 1, 3, and the two first 
terms 2, 4. 

Series 2, 4, 14, 4,6, 152, &c. 

for 14=2xl + 4x3;46=4xl + 14x3; 152 = 14x1 + 46x3, &c.' 

Example 3. Throe constants of relation, — 1, 0, 1, and the three 
first terms, 1, 2, 3. 

Series . . 1, 2, 3, 2, 0, — 3, —5, -5,-2, 3, 8, 10,7,-1, -ll, &c., 

in which, if we subtract from any term that preceding it by two places, 
we get that which succeeds to it. 

The sum of two recurring series, each having but one constant of 
relation (that is geometrical series) will be another recurring series, 
but with two constants of relation. 

Let f/, be the general term of one geometrical series, the constant of 
relation, or common ratio of which is a. 

Let v^ be the general term of another series of the same kind, and 
of which the constant of relation is /3. 

Let iVs = ffj + v^ be the general term of the sum of the two series, 
when added term by term. 

It remains to eUminate w,, Vj, between the three equations. 

w,+i = a «^* ; '*>t+i = /3 V, ; «?, = w, + r^ . 
This elimination can be effected in the following manner ; 
(1) «?, =1/^ + 1?, 
therefore (2) i^,+, = i/,+| + u^+i = a w, -f fit\ 

(3) w^^t = w,+2 + v^+i = a w,+i +/3 v^+i = a« w, + />* r,. 

Multiply (1) by an indeterminate constant X', (2) by X" and equate 
this sum with (3), hence lO^^t =r X'tt?, + X^'iu^^., , under the following 
conditions, arising from the sums of the rigiit-hand members of these 
equations. 

a« = X' + X"a 

/3* = V + X''/3 

therefore a, /5, are the two roots of. the equation ** = X'4:X"2r, and by 
the theory of equations, it follows that X^= — a/3 , X" = « + /3 , which 
values, it will be easily seen, satisfy these two equations ; 

therefore w^^^ = — « /3 w;, + (a -f /3) t^V+i 

that is, the sum is a recurring series, of which the constants of relation 
are — « /5 , a + ft. 

The two first terms of this recurring series are given by the 
equations 

Wi = w» + r, 
ie?g = aui + /Sri 
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thus the constants of relation being known, and the first n terms^ by 
the equations 



w;.= «'-V,+a''"" V,+«"'^"" V',+ .... 



the recurring series for the sum is completely known. 

* If it should happen that the constant of relation in several (m) of 
the geometrical progressions was the same» then the number of the 
constants of relation in the recurring series would only be n^m+ 1 ; 
thus, if g/s: a" we have tt',+i = «'«*',. tt",+i = o/w",; therefore if 
1/, =s u'g+u"^ we. must have u^^-i = o^ u^^+ocu^s^^ o!u^ so that the 
sum of m such geometrical progressions is equivalent to one geo- 
metrical progression having a constant of relation differing from those 
of the n— m remaining series. 

If the terms of a recurring series Ui+Ug+Us+ &c. be multiplied 
by the -corresponding terms of the geometrical series, 1 + 2+2*+ 
&c., term by term, the series resulting will be another recurring 
series. 

For let X', X", X'". . . .X"'^"^ be the constants of relation in the given 
recurring series, or let 

u,+,=X'M.+X"tt^i+V"tf,+,+ .... +X'"^'^,+,.i 
therefore w,+,2'+^'=X'-r».?/^-*+V'a;— >.t/,4.i2*+X"«»-«.w.+,i»+»+ ... 

Now the product of the two series, taken term by term, is the series 

Mi + Ma« + tla2*+M4 2', &C. 

which, by the preceding equation, must be a recurring series, of which 
the constants of relation are XV, \"z*-\ X'"z-" \"'^*h . 

(71.) A recurring series,, such as this, which is arranged according 
to the powers of some quantity 2, is merely the expansion of a rational 
fraction, of which the denominator is of n, and the numerator of in- 
ferior dimensions. 

Represent the expansion of the rational fraction 

Oo + ai z + g , 2* + gg ^ + ' « * » +g«-i g*"^ 
l-X^«»-X"z<-»> - X'"z^-«^ -.•.. — V'^w^ 
by the series 

Wi + l/jZ+Wa ;?«+.... +W,Z""* + l/«+lZ"+.. •.+M,+,2'+""^ + , &c. 

If we multiply this series by the denominator of the fraction, and 
arrange the product according to the powers of z, it is clear that the 
coefficients of higher powers of 2; than the (n— l)th, must vanish. 

Now the coefficient of ar*"*"""^ in this product is visibly 

therefore ?/,+„=X'i/, + X" ti,+i + X''' 1/,+, + . • • . V"^"^«,+,.i 

consequently the coefficients u, form a recurring series, of which the 
constants of relation are X' , X" , X''^ • . # . X"^^"^ ; but in order that the 
fraction may be completely identical with the series, the first n terms 
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fasve the foilownu^ rateinBB with tbe muDentor of the fncliim^ 



#^ =:if.-X 'm,-X"i»,- — V"^^ i#^ 

CoDversdy, by these eipuliiMnK when the fiist it tBmis of a rectmina^ 
aoies aiid tlie constSBts of rriadoa are ^ven, we earn find the radoBitt 
fractinn by the iXpaBsou of whkh it is praduceci. 

Example i. To find the raiional fractiau which grenerates a re- 
cnrrinsr aeries, of which tiie two first terms are S+4^ and the eunstaiits 
of relation are 2^ and 3r, viz., 

X'=l X"=3 v,=2 »»=4 

the fraction required is iherefure 3 — 2r 

I— z*— as . 

Verification I— ir— z^t-tr (2+4z-|-14^+4fii'+ 4c. 



4;:+3z* 
4z— 13z^~42» 

14r^+4r* 
14=*— 42r'— I4z^ 



46r=*+l42* 
462*-13Sz«— 4es* 



Example 2. To fiiLd the ratiotial firaetion which generales the 
series 

when v»=l ir»=2 if,=3 V=— 1 X"=0 X'"=l 

11^=1 <fi=2-l = l 

04=3—1.2=1 

1 + « + 2» 



The fraction reqtured is therefore 



1+2^-2 



DBCOM POSITION OF RATIONAL FRACTIONS. 

(72,) We have seen that the expansion of rational fractions produces 
rectirrin^ series ; now each such fraction can ^nerally be decomposed 
into simple fractions, each of which (with exceptions in the case of 
eqnal roots) would generate ge<Mnetrical series, agreeably with the 
theorem before proved, that the sum of any number of geometrical 
series^ Mided in corresponding terms, is a recurring series. 
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Let g/ , a" , a"', .... a/'"(-> be all the roots of the equation ^(z)=0, 
theny>(;r)=C.(«~aO (s-a") (^r-o"')- . • .(«— a'"^"^), the quantity 
C being independent of ;;. 

Let /(z) be another function of 2, of dimensions inferior io n; the 
most general form of /( 2) will be Ao+Ai5r+A82*+ ... •4-A,_i2"-^ 
which contains ?i constants. 

Suppose now we reduce to a common denominator, and add to- 
gether the n simple fractions in the following expression : 

the common denominator, or that of the -sum^ will be p.^C^r), and 
the numerator will be a function of z of n— ?!, dimensions, viz. 

&c. 

which, being arranged according to tfie powers of z, may be made 
identical with ^(2), by determining A', A'', &c., so as to satisfy the 
71 equations, 

A' • + A" +A'" + A"("^= A,.i 

AV'+a'"+...) + A'V+«"+, &c:) . . . . =-A,.a 

A' (a" «"' + ...>+ A" («'«'"+, &c.) . . . . = A._3 

&c. ' &c. 

But it should be observed, that if two or more of the roots a\ ci\ 

&c., be equal, then we should have fewer unknown quantities than 

equations: thus if a'= a", it is clear by inspection of these equations 

that A', A" have the same multipliers, so (hut they enter in all in the 

form A' 4- A'', which is also obvious, since the simple fractions 

A' A" A'4- A" 
. A ;;, would then be the same as 7- ; therefore, this is a 

case of exception, in which n simple fractions are incapable of produc- 

f(z) 
ins^ ' ■ as their sum, by simple fractions being meant, such that z is 

only of the first degree, or is linear in the denominator and the nume- 
rator constant: this case of equal roots we shall at present reserve, and 
suppose a', a'', &c., to be all unequal. 

The early analysts generally sought the numerators A', A" &c., by 
elimination between the preceding equations. The following method 
is, however, more expeditious, in which we suppose C = 1, for if it 
had any other value, we could take it into the coefficients of the nume- 
rator by division. « 

Since 

/(f) ^J^L ^' ' A'^^") ^ 

(2-a') (2-e/O. . ..(2-«'"^"0 "z^c^ "*■ z-ci''^"'\-a"^^*^* 
therefore 

/(O ^ A' -*. A^^(^-.0 A^^-(2-.0 

This, when A', A'', &c. have been properly cWtermined, must be an 
absolute identity, whatever value we assign to 2;, for A', A", &c., being 

H 
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constants, that is, not containing a, can be in no way a^BCted by putting 
for z apy value at pleasure, as they depend only on «', oi\<^^t &c. 
Put therefore z = a', and this identity becomes 

. /V) _w 

We may get more simply this expression for A', by observing that, 
since ^ iz) = (r— «') (ar— a"). . . .(ar-a'"^"^ ; therefore 

+ (;?—»') (5:— «") (a:— a^) . . . . + &c. 

where 4>'iz) denotes the derived function from ^ {z) ; hence 

Therefore A'= .^ ^ /^ 

* («) 

sunilarly A - ^;^^^ 

&c.; 
that is, if we write for z the successive roots cr', ce", &c., in the formula 

J ^^' y^Q shall obtain the successive numerators of the simple frac- 

tions ; and it is obvious that the same formulae hold true if ^ (;?) should 

contain a constant multiplier C. . . 

1 J 

Example 1. To decompose the fraction _ , 

here /W-1 ; W = ^'- («+/?) z-a(i, tpXz)r=2z-oc+fi; 

therefore IM^—l^- 
therelore ^/(^j -2^_(«4./3). 

Put a, /3 successively for z, and we obtaiu the numerators of the 
simple fractions ; viz., —375 ^"" /3_ 5 

therefore __^-^- ^— ^ |^-- ——J. 

2js + 1 

Example 2. To decompose ^ . ^^^ {z-\- 2)' 

The roots of the denominator equated to zero are 0,-1,-2, which, 

ffz) 
beinsT substituted for z in ^^. , , or, which is the same, in 

2:r 4- 1 
ft , ffiye the numerators of the 

(z + 1) (^ + 2) +;r (;. + 2) +z {z+l) 
sim|)le fractions ; viz., 

1 j; 3_ 2:^ + 1 _I/J_ +_i__ • ^ A 

2'"^^' 2'''S.(;r+l)(^ + 2)""^;r ■^;r + l 5r+2/ 

All the numerators are unity when/(5:) is itself the derived function 

of d> (z). for then • ,)ri ' = 1> whatever value be assigned to z. Hence, 

^ (^) 
if «', (»", &c., be the r«ots of the equation ^ (^r) = 0, we have 
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^'(z)_ 1 



1 1 



&c. 



(;?)""«— a/ z—a' 
Example. To decompose ^^ ^ - into simple fractions. 

First, we change the form of the proposed fraction thus ; 

h 



1 



h 
— .* 



1 €»* + e"T' 1 



h 

—z 



* 9 h ho 

6**— 1 ff«— 6" 6»— €i 

Now, if m denote any integer positive or negative including zero, and 
▼ be the semi-circumference of a circle of which the radius is unity, the 

principles of trigonometry give 6""V-i_-g-«''\/-»rrO. Hence, if we 



h h 

— » — — .* 



put 5« — g"" =0, we have jjrs 
fore in number infinite, viz. 



— — -^ : the values ofz are there- 



2tV-1 47rV-l 6tV-1 . 



A 



h 



h 



', ■ ■ • • ObC 



Now make ^(.)=5 .• -8-. •=:2{-. s+y . --^. 

A/ 4.. -^.A 



Hence 



_L_=:i ^W.i 
6**- 1 "A '0(0 2 



1 1 



1 

-+ 



1 



z 27rV-l W-1 



+ &c. 



h 



+ 



+ 



2 W-1 ' 4tV-1 
^ + ; s4 



+ &C. 



A 



Corollary 1. Since 

*27rV-l 2irV~l 2%^ 2W^1 ' '^V ^ 



;? + 



therefore 



z— 



ttV-I 2W~1 l2'«^ ^-'Tz^ J 

zA 

h ^ h 



h2 



100 
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Expanding^ similarly the other corresponding pairs of simple fractions, 
and collectingr all the coefficients of like terms, we have 

1 1 1 2hxn I 1 „ \ 



Let 



+ &C. 

I 1 






2 
1 



3 
1 



f-^-i-^+&c = 



2« ' 3* 
&c. &c. ; 



1.2.3 

_2^B^_ 

1.2.3.4.5 



we have then 



AV 



i^:rr=A;--2+®*''""^^-T:2:3+^*-T:2.374.5' 



from which we see that, thou<;h s'"— 1 consists of both even and odd 
powers of z, its reciprocal contains only odd powers and a constant. 

The numbers B|, Bg, B5, &c., may be easily calculated without 
summing the preceding series. Thus, since (putting h=z\) 

+ &C. 



■^-Fri''"2-;r'^^»^"*"^n.2.3 



And again, 

Log. ^W=Log. .+L«g. {l+(i-,.^g+l.^_4.&c.)}. 

Suppose the latter logarithm, expanded and arranged according to the 
powers of 2*, to be Aj**— Ag^^^+Aj*'— &c., then, taking the derived 
functions relative to z, we have also 

^;3^=- + 2A,;t-4As2'H-6A,«*-&c.; 

0(i) z * ' 

therefore Bj= 1.2 At, B3=1.2.3.4A3. B,= I.2.3.4.5.6A5, &c. 

""^•^»-2*.2.3' '■"2^2^3*"2^3.1^5"'2^3^T4:5' . ' 

therefore ^i-^r^, ^•^^aTs' *"*' 

Corol'ary 2. From hence the sums of the even negative powers of 
tlie natural numbers are easily known. 



1 i- ± 
1*"^ 2*"*" 3*"*" 

&c. &c. 



2»BX_^ 
1.2. 3"" 90 



The expansion of i:p~r according to the powers of z above 
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found, admits of a remarkable extension, which has great use in the 
summation of series, and it may be easily deduced therefrom, as fol« 
lows :— 

First, we have 

1 • ^. «s 
With the left member of this equation compare the following series ;-^ 

V'(^)-(/(^+/0-A^))+i/i(/(j^+/0-/W)' 

It will be seen immediately (by puttinp^ for 6*', in the former, its expan- 
sion i+hz+—'^ &c., and (or J[x-^h), in the latter, its value /(r) 

+/'W«^+/"W«T~r> + &cO that the coefficient of z in any term of 

the first series is the same as the coefficient of f'(x) in the corre- 
sponding term of the latter ; that the coefficient of z^ is the same as 
that of /"(a:), &c. ; and, since the first series is identically zero, the 
coefficients of each power of z collected from the different terms must 
separately be equal to zero; and therefore the same is true of the coef- 
ficients of /'(j?), /"(J?), &c., in the second series : consequently this 
second and much more general series must also be identically nothing*. 

Let F(a)=/U)-iA/'(.*)+B.A'/"W -^^'/"^'^ 

then the preceding general theorem is equivalent to this: 

F(jr+A)-F(T)=A/'(JF). 

h 
Example 1. Let yi[a?)= a:, and consequently F(.c):=j:—-; therefore 

F(a:+A)=ar+-, and F(x-\-h) — F(r)=A, which agrees with the theo- 
rem, since /'(<2*) is in this case equal to unity. 

Example 2. Let /(a?) = j*, and therefore F( j) = j;^ — ^ar+ ■- , from 

whence F(r + /*) - F(x)= (2jr H-A)A-A*=2xA= A/'(^). 

73. The application of this theorem to the summation of series is 
the converse of that contained in the preceding examples ; that is, 
F(x+1) — F(a:) is given, f\x) which is equal to this difference, is 
therefore known; hence the successive derived functions y^'(a:),y*"(a:), 
&c., are easily found ; and if we can find/l[jr), the function from which 
f{x) is derived, then F(j:) may be found by the theorem F(a:)=/(j:) 

- \j\s) + B/"(^) - ixa-'*^')' *''• 

Let Wi, t/j, t/a, &c., be the terms of a series which it is proposed to 
sum, and let F(:r) represent the sum of j. terms ; then 

F(j)=Wi+i/,+i/,+ .... +1/,; "i 
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therefore F(x + 1 )= Wi + v, + Wa +....+ w, + t/,+i ; 

whence F(j?+ 1) — F(j7)= m,+i. 

We must consider u^^i as /'(j?), and then find F(a:), as above de- 
scribed. It is only necessary to remark that, since we are to reascend 
to /(or) from/'(x), it wiTl be necessary to add an arbitrary constant to 
any particular value found for /(<r), since, if C be a quantity inde- 
pendent of J?, then (/(^) + C)'=:/'(ir). This constant merely deter- 
mines where the series is supposed to commence: if the sum, for in- 
stance, be taken from the first term, then F(l)=:i£i, which equation 
will determine the constant. 

Having given this general theorem as following from the theory of 
rational fractions, we shall only give one example of its application, 
since our object in thi^ treatise is not to discuss the summation of series 
except when the latter subject is correlative to the theory of equations. 

To find the sum of x terms of the series l'4-2*+3'+&c. 

Let F(a?) = l» + 2»+3»+4"+. . . . +j?» 

F(a:+l) = l»+2«+3»+4»-|-. . .• +^ + («+l)'; 
therefore /(a?)=F(a?+l)~Frj?)=:(a:+l)* 

fXx)=z6, 
which, being constant, needs not to be written separately, but may be 
comprised in the arbitrary C of the fiinction, of which (x+l)' is the 
derived, viz. i(a:+l)*+C. 

Hence F(j?)=:C+i(^+iy-i(^+l)'+i(^+l)'- 
To determine C, put a:=l, observing that F(l) is merely the first 
term ; therefore l=C + i(2*— 2*-f 2*), or C=0 ; 

therefore F(a?) = (a?+l)*{(^+l)*-2(a;+l) + l} 

that is, P + 2»-f-3^+ +d?'=:{l-f2-f-3+ +J?}«. 

From this the learner will see how to apply the theorem to other 
examples, the only difficulty being to find /(a?) from /'(j?), which is 
given ; and therefore its more extensive applications must be postponed 
until he has acquired a knowledge of the integral calculus. 

74. We are now to consider the decomposition of fractions when the 
denominator, equated with zero, contains several equal roots, as in the 

fraction --;- j^^ j^p- ; ttt^ToTj in which the dimen- 

sions of the numerator are supposed inferior to those of the denomi- 
nator. 

Put, as before, 0(2) = (z-aO(^ -«")(« -«'")• • • • C*-*"'^"^), 

and since y(2)={/(^)-yi«-')}+/(«0={/(2)-/(«")}+/(«'0=&c. ; 
therefore :^=-I- ^if^L^^^^ . __L AO-ZVO. &, 
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the uppermost line obviously being an integer function of ;::, and the 
lower purely fractional. 

Suppose that a'+^ is written for ol iii each term of this identity, and 
that the terms thus arising are expanded according to the ascending 
powers of A, and finally that the coefficients of A"*~' on both sides of 
the sign = are equated, this will give the required decomposition. 

0(2) is changed into («-«'- A) (z -a")(2-«"0 (z-a'''^")) ; or, 

which is the same, it becomes 7.(2— « — /i)=<|>(^)( 1 ^ J; 

therefore =^, becomes ~v«(l ; 1 \ and if we expand this 

ne":ative power we find the coefficient of /&"*"'=- , * ,^ . x j that 

*=* ' (z-«0 0(0 ^ 

is, the proposed proper fraction itself. 

The uppermost line of the identity, as has been observed, is an 
integer function of 2, and will be such when o^-\'h is put for J ; and 
therefore the coefficient of A"'*, taken throughout the whole of this 
line, must be identically zero, because otherwise we should have an 
integer function of z equal to another function of the same which was 
a proper fraction, and that is impossible. 

We have therefore only to consider the coefficients of A*"', when 
oi ■\'h is put for ol in tiie lower line. 

The first term is altered to \,rr-, — r: • ; — r> antl, expanding each 

0'(« +A) z-(x—fi 

factor according to the powers of A, we may write it thus: 

t0'(«') V'«7 +1.2- Vw ^""'•r U-«'^(*-«'->' 






therefore the coefficient of hr~^ in this term is 

■*■ 1.2.3. . .(iii-l)A0Vy i' 

in other words, it is that part of •; ..J, — r-r — r — which contains 

(«— flf')"(2 — «")» &c- 

the negative powers of z — a'. 

The coefficients of A"*'* in the remaining terms are much more easily 
found; thus, since 0'(«") =(«"-«')(«"-»"') . . • (*"-a'"^"^), the 

a"— a'— A 
diange of of into a'+h converts 0'(«'') into ^'(«") • — Ti v~ 

this change does not at all affect ^^ j, ; therefore the coefficient of 
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A"*~^ in the second term of the lower line, when a'+A is put for a', is 

1 jla") 
— TT — i^ — ,^,^ »^ . r, ; and a similar expression is obtained for the 

third term, writing a'" for a\ and so on. 

Collecting now all these coefficients of A"*"*, and equating; with the 
given fraction, we have 

fi') _/(«0 1 , //«' Y L_ 



\^7 •l.2(«-a)— •*"^* 



+ („"_a')-'^'(«") ■ « -o"^(a"'-a')- y(o"') * ^-a"'^ ' 

observing to continue the upper line only while it contains ne^rutive 
powers of ^ — a', and to cease at the term which contains (z— a')"*. 
It is easy to see that (a"-a')— »0'(a'') ={(«-«')*"" '<^2}^ ^^en z is 

1 1 

put equal to a" ; and therefore the coefficients of j-.. -r,^ &c. 

* z^a z^ a ' 

may always be found by the application of the same rule as that for 
unequal roots. 

Example 1. Decompose — r-r. 

• 1 

Take the fraction , —— jf-^ and finally make a'=0, a"=l. 

111 this case /(0 = 1, 0(;:) = (;?-a')(^-a"), <^'(c)=2;r-(a'+a") ; 
and therefore ^V;=a'-a", and ^f^j=-r?-^. (g,)' = ^f^_J. 

Put now, for «', ce^'their values in the general formula. 

1 111 11 

Hence -irr— t\=— ;i--;;:r;--;r:i --+ 



^"•(2-1) ;?•" ;?*"-* ^'"-' ' z^z—V 
which we should also deduce if we write the proposed fraction in the 
1-2" 1 . 1 

r 



form — V"~~ • -^ H — ^-■ 

1— 5J z « — 



Example 2. Decompose 



z^+32'4.22'' 



The roots of the denominator equated to zero are 0, 0, —2, — 1. 
The numerators of the fractions of which the denominators are js+2, 
2+1, will be obtained by the rule for unequal roots by writing —2, 

, • . 1 r . 22'+7z»+62 + 2 . 1 ^ , 

-1, successively for z in — j-.——--: they are --and 1. 

Again.in this case ^(;r) =(jr-}-l)(« — «') (2+2) a' being finally 
made zero, hence ^(a')=(a'4 1) (a'+2). 



THE THEORY OF EQUATIONS. 105 

*'"^'^" 'fe^ 2+37+^ = ^ + 2 «'+ 4 ^ ^ *^- 

and making «'= we find ^77—-= ^ I TTTTT ) = «; therefore Ihe 

0(«) \*(«)/ 2 

required partial fractions are — - . , — --- , -« , . 

^ * 2 5J+2' 2+1 ^ z % z 

In like manner if we had several sets of equal roots as in the fraction 

m 

r- (;s-a')"'(-r-a"r(:s-c»"0'&c. 

We have only to decompose 7 -^ I jj-^ — , and then 

(2 — a') (2 — a") (2 — a"' &c. 

put a'+ A for a' a"+* for a" a'''+^ for of" &c. and select from the 

component fractious the coefficient of A"*"* k^-^ l^-^ and we shall 

have (he required simple fractions. 

75. The decomposition of rational fractions in the case of equal 
roots may however be more readily effected by the following theorem, 
which, I believe, has not been before given. 
P 

I^t — be a proper rational fraction, the numerator and denominator 

^ / 

being hinctions of 2, and the latter containing a factor repeated ?i times, 

that is Q= (2 -«')». Qi. 

p 

Expand —in the form Ao+Ai (2 — a') + .A2(2— a')*-f- . . , * . 

+ A«.,(2-a')"-*+&c. 

., Ao Ai Ai A„_i - 

then 7 jr- , 7 7^-;^i , ; -p-^ .... Will be partial 

fractions. 

Again, let (r.- af'y be another factor of Q, or Q=z(z-^a"y , Q, 
p 
then expand— in the form Bo+B|(2-a") + Bi(2-a'')*+ .... 

., Bo B| Ba Bp_i 

fractions, and proceed in (he same way for all the different factors 
of Q. . 

P 

The given fraction — will be the sum of all these partial fractions. ' 

For it is evident that all the partial fractions which have no power 
of 2 — a' as denominator may be expanded in the ascending powers of 

(2— aO, all with positive indices, and they would give in the correspond- 

p 
ing value of — no power of 2 — o/ inferior to4he 7?th ; the powers which 

^i 

P 
are inferior to the wth in the expansion of — must, therefore, arise 

from those terms only which coiita.in z^a' in their denominator; con- 

p ^ ' i 

sequcntly if the first n terms of— be Ao+Ai(s— a ) + A,(2 — a')*+ . , . 
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P 

A,»i(z— V)" the partial fractions of — which have 2 — a' in the deno- 

A A 

tninator must be - — ^-r-+ ■; ^ v. . &c., and the same reasoning 

(a; -a)" (2 -«)"-* ^ 

applies equally to the partial fractions containing z — a' &c. 

/ 1 V 
Example. 1. Decompose ( -^ 1 — Z. 

First:Z = |^.(l-2)-=^+^+&c. 

Second: Z= ^^^ X {1^(1-.)}- == ^-^^ + -^ ^f- &c,; 

. , , / I V 1 1 2 2 

4herefore, by this theorem 1 I = — - +7^ t^'\ h-^ 

•^ \z^ — zj z^ (1—2)^ z 1 — 2 

1 
Example (2). Decompose Z =-;r7 7v» ^^ ®^^"' 

^ 1 ,, , 1 1 7l(?l+l) I 

n(n+l)0i+2) . . .(2/1-2) 1 . 
1 . 2. .3 . . . (/r-1) 2^ 

1.2 • (1-2)"-* ■^•••' 

Therefore,Z^l + ^4 + n{^.+ (^^ 
,j(^l)| J_ _1 1 

*v, 1 f* K •. n(yi+l)( / H-2)....2(/i-l) (1 I \ 

the last term bemir — ; — - — —; ; rr • ^- + rL v 

"^ 1.2.3.... (/t— 1) ^2 1— 2j 

Example 3. The same when n is odd. The same method is easily 
applied. 

The decomposition contained in these two examples is of use in 
finding the complete solution of a remarkable differential equation, of 
which Laplace only used a particular solution. {Vide 3rd Memoir on 
the Inverse Method of Definite Integrals, Camh, Phil^ Trans, 
Vol. VI.) 

Corollary. Put 2 =: - , then when n is a positive integer, ^ 

^ , , 71 n(n-\-}) n{n+\) (71+2) 

^22.4 2.4.6 

the same series continued to infinity would be 2% that is the first n 
terms are exactly one-half the sum of the whole series. For the re- 
maining half we have 



{ 



w 
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2.4.6. . .271 

^ 271+2 ^ (2/1+2) (2n + 4) ^ i 

1 «"* 

Example 4. Decompose ,mq ^^xn and ,^, • j 

Examples. Decompose -^^--^—-3. 

The partial fractions which result from the decomposition of any 

A 

proper rational fractions are all of the form r^, the expansion of 

1 . , . A f, . z ^ n(7i+l) ^* o 1 . c X 

hich, VIZ. -- U + n . - + \ ^ . -"&c. ? is a figurate series, 

the coefficients of - being figurate numbers, which are distinguished 

a 

by the property that the mth figurate number of any order is the sum 

of 771 figurate numbers of the next inferior order, which property is 

obvious if we equate the coefficients of 2"* on both sides of the identity 

Now, since every recurring series arranged according to the powers 
of 2^is the expansion of a proper rational fraction, it follows that every 
recul-ring series may always be decomposed into figurate series ; and 
in the case where all the roots of the denominator are unequal, these 
series are geometrical. 

By this decomposition also it is easy to find the general term, and 
the sum of a? terms of any recurring series. 

Let * ^ be one of the partial fractions, the coefficient of z' in the 

expansion of this fraction = A. — r r ' I ^y 

_, (^+l)(^+2)....(^ + n^l) AV ^^j ^^^ ^^^ ^^^ 

^^- 1.2.3. . (71-1); W 

efficient of x from each partial fraction developed, the sum will be 
the coefficient of J? in the recurring series. 

With respect to the summation of recurring series it may be]effected 
by observing that, since 

^^-Hi' =: a'-»+a'-'s+cc'-V+. . . . +z'-' 

we can, by taking the derived equations relative to a determine the 
sums of figurate series, and therefore those of recurring series which 
are decomposable into them. 

76. Application of Recurring Series to the Solution of Equations. 

Suppose Ai , A, , A«. . . . A, are the constants of relation of a recur- 
ring series, of which the general term is w., , the following ^equation 
gives the case by which each term is formed from the n preceding 
terms : . . 
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We know, moreover, that v^z' is the general term of the expansion 
of a proper rational fraction of the form, 

M 

Let a, /9, y, &c., be the roots of the equation, 

y-=Ai+A,y+Asy«+. . ..+A4r-', 

then - , -;= , - , &c., are the roots of the above denominator equated 

« p r 

with zero, and the factors of that denominator, beside a constant, are 
therefore / 

Z ,2 --^yZ &C., 

o p y 

v^hich we shall suppose at present to be all unequal. 
The fractious may be therefore written in the form 



B(i-«s)(i-/3*)a-r*) 

which may be decomposed into partial fractions, (as above shown) or 
is equal to 

+ z — T- + ; + &c- ; 



1-ar 1— /32 1— yz 

where the coefficient of z' found by expanding each of these simple 
fractions is evidently Ci «*+ 02/3*+ Cay* + &c., it follows that this 
formula expresses the general term of the given recurring series, or 

t/,= C,a'+ C2/3'+C,y' + &c.; 
therefore, 

w^ _ C,of.a'-f C,/3./3* + C,y.y'+&c. 
M, ' ■" Ci . a'+C« . /3'+C8 . y'+&c. 

= « . C,+ C. . ^^y +Ca .Q*^' + &C. 



[ Suppose now that o is the greatest of the roots, then (-) , (-) 
diminish rapidly as x increases, and we therefore find 

a = Limit of -^* when j? = a • — ' 

Us 

To converge to the greatest root of the equation 

y"=Ai+A»y+Aay'+... . +A,_iy 

assume 71 arbitrary numbers for the first n terms of a recurring series, 
of which the constants of relation are A, , Aj , Aa. . . . A« , the quotient 
arising by the division of any of the formed terms of this series by the 
preceding term converges to the greatest root, the more nearly as the 
term is more remote from the origin cf the series. 
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: Example 1. Given y«= — 4 + Sy^. (See Euler^s Introduction,) 
Assume for the^3 arbitrary numbers 0, 1,3, and from them con- 
strnct a recurring series, of which the constants of relation are — 4, 0, 3, 
the terms will be 

0, 1, 3, 9, 23, 57, 135, 813, 711, 1593,3527, &c. 

* We have selected this example after Lagrange, to show the slow 
convergence to which this method is liable in the case when the greatest 
is a double or triple root, that is one of two, three, &c., equal roots : iu 
the present case the roots of the equation are 2, 2, — 1, and the series 
converges very slowly to the double root 2. 

To see the reason of this we must recur to the decomposition of 
fractions. When there are equal roots to the denominator tluis, if 
« rr ^, the theory before given shows the rational fraction which 
generates the series of recurring coefficients, when decomposed is of 
the form 



il-cczy ' l-az ' 1-/3.5 1-yz 
and in such caf^e we have 

?/, = coefficient of ;k'={Ci . (a?+l) + C4 a'+C8/3'+ &c. 

{C»(x + 2) + C,} + C. .(0^&c. 



= ot 



Ux fr^, IN r^l r^ /^ft\ 



{C,(j:+l) + C.} + C.Yy &c. 



And as x increases only by unity each term of the series, it is clear 
that thouffh - ) ( - 1 rapidly dimunsh, yet --7 — r"rT-7"Tr "oes no 

converge to unity with sufficient rapidity for practice. 
Example 2. Given y'= 10+9 y. 

Assume 1,5 for the two first, and witii the constants of relation 
10, 9 form a recurring series as follows : 

1, 5, 55, 545, 5455, 54545. 545455, 5454545, 

it is clear from inspection that the quotients made by dividing each 
term by the preceding, viz. 

545 5455 54545 545455 5454545 „ 

55 ' 545 ' 5455 ' 54545 ' 545455 * 

converge rapidly to 10 being alternately less and greater, the error of 

•4-5 
-~, or its diffisrence from 10 being always here =: — • 

Example 3. Given »'= 1 — 10 y - 6 y*. 

"^ 1 

The constants of relation are 1,-10,-6, but if we make y = - 

V 

■ 
we have 

t?»=l + 6i?+10i?% 
when the constants are positive. 
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Make 0, 1, 5, the first three terms of a recurring series, in which the 
constants of relation are 1, 6, 10, the subsequent terms are, 

56, 591, 6251, 66112, 699217. . . . 



W.+1 



Now if Us be the *th term of this series, then — ^ converges to 

1 U '^ . ' , 

V, and since v=~, therefore — ^ converges to j^, thus the approximate 

value of y, we have ^0^75— '^^455147 which is correct to 

the last figure, and closer than the approximations deduced by 
Lagrange (Note VI., Traite de la Resolution des Equations Numc- 
riques)y this example has also been treated by Newton, with his 
method of approximation. 

Let us next consider how far this method may be afiected by the 

existence of impossible roots ; for this purpose let j3=:a+6 V— 1 , 

which may be put under the form R{Cos0+v — 1 SinO}, RCos0=:a, 
R Sin 0=6; therefore R*=a*+6*, then by Demoivre's theorem in 

trigonometry we have /3"= R"{Cos7i0+v — 1 Sinn©} ; hence it is 
clear that oc must be greater than R, or a* must be greater than the 
product of a pair of conjugate imaginary roots, that this method 
may be successful in converging to the greatest root. 

77. I will here add a simple fule for the extraction of the square 
roots of integers, which is founded on the principles of recurring series, 
and is taken from an unpublished memoir by the Author. 

Let a be the difference between the given number N, and the next 
perfect square which is less than it. 

Let b be the difference between the perfect squares, which are im- 
mediately greater, and less than N. 

?/ u 

Take any proper fraction — , and form from it a second — , the 

Vo f I 

new numerator ?/i being found by multiplying the denominator Vq by 
a, and adding the numerator, thus Wi=ai?o-+-«o and the new denomi- 

nator by rftultiplying Vq by h, and adding Vq ; similarly let — , — , &c., 

u 
be successively formed, then — * converges to the decimal part 

of^N. 

For let m be the integer part of ^N, then a=N — m', 6=2m-|-l, 
the quantities w, , v, , are, by hypothesis, formed successively by the 
equations. 

w,+i = (N-m«)i?,+ i/. (1) 

v,+i= (2m+lK + w, (2) 

From equation (2) we find !^ = ^ - (2m+l) ... (3) 

Subtract now equation 2 from that which it becomes, when a?-fl is 
put for X. 
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Hence v^^^ v,+i= (2m -f 1 ) (i?,^.i - v,) -f {u^^ - m^) . . (4) 
But by (1) w^i— «/>=(N — 7n«)v,* 
Substitute in (4), and arrange it according to the sub-indices ofv, . 
Therefore r^— 2;(m+l) v^i + {(m+1)'— N}i;,=0, 

or Vg is the general term of a recurring series, of which the constants 
of relation are — {(m+1)'— N} and 2(>n+l), and since the roots of 
the equation, 

y«= - {(m+l)»-N} + 2(m+l).y 

are (m + l)+>^N, and (m+1)— ^^ of which the former is the 
greater; it follows, by the preceding theory, that the limit of 

-^*=r (m+1) + ^N; therefore, by equation (3), the limit of 

— =: v(N)— m; now m' being the greatest perfect square below N, 

it follows that >^N— m is the decimal part of vN) from whence the 
theorem is evident. 

Example. To find the decimal part* of ^^10, by a series of con- 
verging fractions. 

The nearest perfect squares below and above 10, are 9 and 16 ; 
therefore, a=l , 6=7 ; therefore assume any proper fraction, add its 
numerator and denominator for a new numerator, and add its nume- 
rator to 7 times its denominator for a new denominator; thus a series 
of converging fractions will be formed, the limit of which is the decimal 

part of vlO. 

Let - be the proper fraction assumed, then the converging fractions 

7 25 179 1282 ._ ,. , , ^ ,. , 

arismg are -r- , — — , -—-- , — -— if the last fraction be 

^ 43 154 1103 ' 7900 

converted to a decimal, we find for >^10 the quantity 3.1f*2278 .... 

which is correct, except the last figure, which should be 7. 

When the method of approximation to the greatest root of a given 
equation, by means of recurring series is used, if the equation be 
transformed, so that its two greatest roots may have contrary signs, 
the converging fractions will then be alternately greater and le^^s than 
the true value ; consequently if two consecutive converging fractions be 
reduced to decimals, the cyphers which are common to them, must 
certainly belong to the true root ; this advantage is not possessed by 
many other known methods of approximation, and it can be easily found 
as follows: 

Let M, be the general term of the recurring series, and a, /3, y, &c., 
the roois of the given equation, of which the two numerically greatest 
are a, /3, which we suppose to have contrary signs, then 

M, =Cia'+C,/3'+C8 7'+ &c. 






l+'v(ff'+^.(0"+&c. 



l+e,i^ +<•..- + &e. 



■••©■ -.(0 



112 THE THEORY OP EQUATIONS, 

where c, , Cg, &c,, are. put torp^, — * ^&c. 

Hence — ^ — «= ttjt:; 7-r-, 

'+"(0+-(:)+ *«• 

Now when x is great, since /S>y r- j is very great compared with 

( ~ ) &c., but is itself a very small fraction, because a>/3 ; hence (he 
difference between the converging fraction and the true root is 
c^ ,• zSl^ • { ) ^^^y nearly, and consequently it is ultvrua*ely posi- 



Vx+I 



tive and negative, - being necessarily negative; therefore — ^ is 

alternately greater and less than a . 

78. The sums or differences of the corresponding terms of two 
recurring seriefi, one of which has 71 constants of relation, and the 
other n' , will itself be a recurring series, having n+7if constants of 
relation. . 

For let Ugf v^ he tlie general tt-rms of the two recurring series 
respectively, then if ai, a^....a^ /3i, /3«..../3„be reRpeciively the 
roots of the denominators of their generating fractions, when eqtiuted 
with zero, we have 

1/^ = C» ai' + C,a/ + Ca «/ + &c. 
V, = B. ft,'+ B,/3/ + B,fif + &c. t 

where B|, 13,, &c. C, , Cj, &c., are constants, 

therefore i/,±r,= C|:.»'+C^/+ . .. + C„a.*±BiiJ,'±B,/J/±. . .B^/, 

which is obviously the general term of another recurring series, I he 
denominator of the generating fraction of which is the product of the 
two denominators, and contains n-^n' constants. The same would 
obviously be true relative to figuratc recurring series, if any of the de- 
nominators contained equal roots. 

The products of the corresponding terms of two recurring series, 
one of which has n cousiants, ami the other n' constants of relation, 
dilferent from the former, is itself a recurring series, having nn^ con- 
stants of relation. 

Again,' if u, be the general term of a recurring series of n constants, 

M, t/,+1 is the general term of another recurring series, having — ^-- — ^ 

constants of relation ; these properties arc easily proved in the same 
manner as the first. 

79. In the Expose Synopiiquey which precedes the posthumous 
treatise of Fourier, Analyse des Equations, there are some remarks on 
recurring series, which contain original theorems relative to the dis- 
covery of the different roots of equations by this method. No demon- 
stration of these theorems has yet been published within the knowledge 
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of the author of this treatise ; we give here the substance of these 
remarks, merely adapting^ the notation to our own. 

Suppose that we have formed the primitive recurring series, which 
18 directly derived from the coefficients of the proposed equation, or 
the constants of relation, and from first terms which are arbitrary. 
Let Um represent the irth term of this series, and let a' , c/' , J" , &c., 
be the roots of the proposed, written in the order of their magnitude 
(abstraction being made of the sign), if there are imaginary roots, 
their magnitude is estimated by the square root of the [product of a 
conjugate pair, as we have already seen. 

If the root a', which occupies the first place, is real, we can ap- 
proximate to it indefinitely by dividing each term of the recurring 
series by the preceding ; this has been also proved, but it only gives 
one root. 

To determine the following roots, take four consecutive terms, as 
111, i£t, tts, 1^4, form then the product u^. 1/4 , of the extreme terms, 
and subtract from it the product u^.Usy of the two mean terms; write 
the remainder, u^ U4— Ua u^ , below the first series, and perform^ in 
the same way this operation for the four consecutive terms U9, ttg, 1/4, Us, 
and then for the next four, t/s > u^^ u^ , u^j and so on. 
^ We shall have thus a second series, Vo » ^i * ^'t i Vs > &Cm derived 
from the first, of which we may express thus the general term^ 

This second series is recurring, and the limit of the Jseries of 

quotients ~ , ~. . . .-^,'is the sum a'+a" of the two first roots of 

the proposed, and as the first of is known by a preceding operation, 
the value of the second root a" will thus become known also. 

If instead of choosing four consecutive terms of the first series, 
we only take three consecutive terms t/i , t/g , t/s * and if from the 
product t/|.t/3, of thie extreme terms, the square of the mean term i/, 
be subtracted, these remainders will generate another series, of which 
the general l^rm is i/, w^,— w,+ ". 

This series is also recurring, and the quotients arising from the 
division of each term, by that immediately preceding, converge towards 
a', a'', that is the product of the two first roots. 

Anc} in like manner rules may be given for finding the sum, the 
sum of the products two and two, and the absolute product of the first 
three roots, and so on. From what has been said we can form, 

First, A recurring series, from which the approximate values of the 
root a' are known. 

Secondly, A series of quotients which give the value of the pro- 
duct a' a/'. 

Thirdly, A third series, which gives the value of the product 
c/ tt" «'" of the three first roots, and so on. 

If the first root is imaginary, that is to sny,- if the product of two 
conjugate imaginary roots exceeds the square of each real root, the 
first series will give no result, the series of continued quotients will be 
divergent and vague, as remarked by Euler [and the rea son o f this is 

easily perceived from the form of a'*, viz., n'(Cos j? ^+V — 1 Sin a? 0) 
the trigonometrical functions creating a species of periodicity]. But 
in the same case the second series of quotients is convergent, and the 

I 
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limit of these continued quotients is the real product oi a'' of the 
conjugate imaginary roots. 

If the third root is real, the third series of quotients is convergent. 
The contrary happens when the third root is imaginary, but then the 
fourth series of quotients corresponding to o^ od' ol'' o^" is necessarily 
convergent ; thus two consecutive series may both give convergent, 
but cannot both give divergent results. 

From these theorems it follows that to know in all cases the roots of 
a proposed equation, it suffices to form series relative to the successive 
products and to the successive sums of the roots. ThuB we shall fin4 
the approximate values of all the real roots, and for each imaginary 

root, the real part and the coefficient of v — 1 ; this is the most extended 
use which has been made of the method of recurring series for the 
solution of equations. 

Fourier concludes with observing, that this method in practice can- 
pot be deemed sufficiently expeditious ; the examples g^ven by £uler 
are ingeniously chosen, but that mode of approximation requires in 
general, too' much calculation ; we only consider this question' in a 
.theoretical point of view. The properties announced, he adds, are 
incomparably more general than those known to the first Inventors 
of those series, and the authors who have since treated on them, stating* 
that his object was to complete one of the principal elements of Alge- 
braical Analysis. 

Though M. Fourier has opened here new views with respect to the 
application of recurring series to numerical equations, yet, by some 
singular oversight, the preceding theorems, with the exception of those 
referring to the continued products of the roots, are undoubtedly in- 
correct; the transformations above indicated give recurring series, 

and i(v, = C(»'+C'^'+CV+ &c., then ^, will, as we have seen, 

converge to a, the greatest of the quantities, a, /3, 7, &o., if it converge 
at all, now none of the preceding transformations will introduce a 
sum of two roots in the general expression for the transformed re- 
curring series, for a term such as («+/3)* aia'-|-j;a'~*/3 +, &c., could 
not be deduced from the primitive recurring series, without in some 
way introducing x \m the transformation, which is not done in Fourier's 
rules, but a combination of two recurring series, in the way of a 
quotient, which does not generate a recurring series^ is able to give 
the simple sums of roots, or the sums of symmetrical functions of a 
certain number of roots. It will be here the most satisfactory course 
to investigate the analytical expressions on which those rules are 
founded, and then give a correct rule for finding the sum of two roots 
by means of recurring series. 

Let », jS, yj &c., be the roots of an algebraical equation 0(j?)=:O, 
and let t/|, t^, , tit , U4. • . .t/« , &c., be the terms of a recurring series, 
formed by means of its coefficients, and certain arbitrary quantities, 
as before shown^ so that 

tt. = Cc^ + C'/J- + C V + Ac. 

and consider first the value of the product u^^ u,^ , in which we 
suppose v/ not less than n. 
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This product will consist of two parts, ia one of which the simple 
root's a, /J, 7, &c., will be raised to the power 2a?, with certain co- 
efficients, and the other of the rectangles of the roots w/3, a7, /3y, &c., 
raised to the power x, with different coefficients. 

Thus M.+,= Ca-.a'-|-C'/3"./3* + C"7*.7'+ &c. 
t/,^.,,= C«-'.a'+C')3-'./3* + C"y-'.y'+ &c.. 
Therefore i/.+.w,^^ =^ C«. «"+"'. ««• + C* pT^. /3^+ C'«y^V"'+ &c. 
+CC'(«"i3»'+^«a-')(«/3)'+ CC"(«V+7V0(ay)'+ &c. 

The terms which involve the simple powers of the roots are there- 
fore invariable, ifn+n! be constant, and they may be made to disappear 
by subtractior, thus if w-l-m'=:n-|-w', then 

+ CC"(«"7*'+ 7"a"' - a'»7*^ — a'-'y'") («y)' 
+ &c. 

which, for abridgment, may be written c(aj8)*4-c'(ay)'+c"()87y+&c. 
Now if we represent this remainder by v, we find 



1 + 



""' ' 14- ~ 



W<W"<r)(l-'^"--- 



(l> ^ • (SI- - 



^2 



which therefore converges to a;8 as d? increases, a, fi, being the two 
greatest roots. 

In the case of equal roots, the convergence is more slow, as c\ c'\ 
&c., nre then algebraical functions of <r. 

Thus let 71=0, 7i'=2, m=m'=l, then the condition w+m'=7i+w', 
is satisfied, and we have i?,2=w,w,+8 — 'M.+i*, and therefore Fourier's 
rule for the product of the two first roots is correct, and hereby 
demonstrated. 

Again, if n=:0, n'=3, m=l, m'=2, and therefore n-f-7i'=m+7n', 

we have t>,=t/,tt,H.«— w,+iW,+» and as we have found that -^ changes 

«?* 
to afiy Fourier's rule, which says that it converges towards a-\-fiy\s 
evidently incorrect, and it is obvious that only products, and not sums, 
can be obtained by means of a single recurring series, of which the 
general term r« is obtained by the means above used. 

But the quotient of the general terms of two recurring series, 
which does not itself exist as the general term of any recurring series, 
is susceptible of giving sums of the roots, or^of the symmetrical 
functions of a certain number of roots, as its limit, when x is infinite. 

For with the same notation let v-^-v'^zfi+f/^ and let 

then 

V.=CC'(a')8''+a''i8'-.(^i8^ -oT^fi-) (ccfiV '¥(/(ocyr+ef'ifiyy+ &c. 

where e', ef', &c., represent constants, formed similarly with (/, if\ &c, 

i2 
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Hence, a fi being always the two first (when real, greatest) roots, we 
have 

Let 71=0, 7i'=3, y=rO, y'=i2, m=l, m'=2, /x=l, // = 1; 
then i>,=w,w,+a — Ug+iUg+i^ V,=:m,m,+8— m,+i*, and the value of this 

general expression is then — ^ — —r — = a+p , from whence 

this rule will follow. 

In the recurring series, formed with the scale of constants, given by 
the coefficients of a proposed equation, take four consecutive terms, 
and from the product of the extremes subtract the product ^of the 
mean terms. 

Omitting the last term of the four, from the product of the extremes 
of the other three, subtract the square of the mean. 

Divide the former remainder by the latter, the quotient will converge 
to the sum of the two greatest roots when real, and when the two 
first roots are imaginary, to double the real part of either imaginary. 

This rule enabling us to find a-fyS approximatively, and either 

-^ or -~^ , converging to afi^ as has been proved, we can thus find 

a and fi by the formula —1= .^^y ± \/{\2^) "*" °^^ J 

No other easily practicable method is yet known for converging to 
the real and imaginary parts of impossible roots; but, having thus 
obtained tlieir first approximate values, we can find them as exactly as 
we please by T. Simpson's extension of Newton's method of approxi- 
mation. 

EXAMPLES. 

(1.) Given a?'- = 6jr — 10. 

Assume 1, 2, for the first two terms of a recurring series, of which 
the constants of relation are — 10 and 6 ; 

1, 2, 2, —8, -68, -328, &c. 

Take the four last terms, and from the product of the extremes —656 
subtract the product of the means 544 ; the remainder is — 1200. 

Again (omitting the last term), from the product of the extremes 
— 136, take the square of the mean 64, remainder = —200. Divide 
the former remainder by this, the quotient is 6, wiiich is the sum of the 
roots exactly, and its one-half 3 is the real part of the imaginary roots. 

From the product 2624 of the last term and last but two, subtract 
4624, the square of the last but one, and divide the remainder —2000 
by the former corresponding remainder —200; the quotient +10 is 
the product of the roots, or the sum of the squares of the real part, 
and of the coefficient of the imaginary part ; this coefficient is therefore 

only unity, and conse(|uenlly the roots are 3 + v— 1; this example 
tests the accuracy of our rule, and of Fourier's correct rule for the 
product of the roots. 

Example (2.) a;*=7j-6 

Assume for first terms , 1 , 2 , scale of constants —6 ,7,0 
7, 8, 37, 14, 211, &c. 
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Now all the roots here are real, yet, if we divide each term by the 
preceding, the quotient^ which should converge to the greatest root 
»3, does not until the series is continued so far that the terms shall 
be alternately positive and negative, but if we apply the rules for the 
sum and product of the two greatest, we find respectively — . 9 and 
— 6.05, the correct values being —1 and —6, thus the want of con- 
vergence, arising from badly assuming the first terms» may be greatly 
corrected by the application of these rules. 

(80.) When the ratio'of the first root, or first product of Voots, to 
any other, is such that the sum of the squares of its real part and of 
the coefficient of its imaginary part is unity, this method will fail : thus, 

putting 1*, = Get* + C'^' + &c. = o^lc + C'r-T+ &c. j then if ^ 

be of the form above mentioned, it may be written Cos 0+V — 1. Sin d ; 

and therefore [ — ] will be periodical instead of converging to zero, 

this inconvenience may be remedied by a transformation of the equation 
proposed, which shall increase all its roots by a constant. 

Other inconveniences, as Lagrange remarked, may be avoided, by 
forming the first terms according to the law for the sums of the 
powers of the roots ; the subsequent terms will then be also similar 
sums of the powers expressed by the number or place of such term in 
the recurring series, and the nature of the derived recurring series will 
be then easily and accurately known. 

Thus w, = «• + iS* + 7* + &c. 

u,ti,+,-i/.^.tt,+. = (a-)8)Ha+^)(a/5)-+^a--7)«(a+7)(«7r+ 

(i8-yy()8+7)08T)',&c 

w,tt,+,-.tt,+,« =(«-«« (afiy + (a-7)* (« y)' + 08 - t)' 

(fiyy+ &c 

artd it is, by inspection of these values, easily seen, that the approxi- 
mation will be most favourably conducted, when 7, ^, &c., being 
small compared with a, iS, gst— 7, fi—y, &c., are not great compared 
with a—yS ; when ce, fi, are real, it is an advantage if their signs be 
contrary. 

It would not be difficult to extend these rules to comprise the com- 
binations of three or more roots, but the numerical calculations greatly 
multiply for the formation of the proper series, at the same time the 
convergence becomes much more slow, because the number of separate 
parts which compose the general term of the derived recurring 

fifn 1^ 

series, from n, which it was iu the primitive, increases to ~ — ^ 

— — J— ^~ , &c., all of which parts, with the exception of one 

part, being rejected as small compared with, it, the error arising; 
evidently increases with the number of rejected terms. Besides the 
methods here explained are sufficient to find successively all the real 
and imaginary roots, by separating those which are. found. 
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(81.) The early analysts bestowed much labour in the invention 
of methods for finding the simple and quadratic divisors of equations 
when rational ; this branch of research is nearly useless, for in practice 
tliey seldom are rational, and, when they are so, the easy methods now 
existing for determining the limits of the roots of equations reduce the 
discovery of such divisors to a few trials* 

(82.) Newton's Method of Approximation. 

Let a be an approximate value to a root of the equation 0(.v)s:O, 
and a + A the correct value ; then 

(a+h) = 0(a)+0'(a) . h+if/'ia) .^+ &c. = 

Now h being*, by supposition, very small, the terms of this series 
which contain higher powers of k than the first are also very small 
compared with it; if therefore <ti"(a)y 0'"(a) » &c.. are not very great 
compared with 0'(a) , we have very nearly 0(a)+A<(/(«)=O, or 

0(a) 
A as — -TTTX nearly. As we have not obtained the accurate value of 

(«) 

h, denote this result by h^ then Ai=:^ very nearly, and a+hi is 

therefore very near the sought root; let a+Ai=ai, and the same 

reasoning shows that ai+At or a^ is a closer approximation to this 

<f> (a.) 
root, when nj= — jy—rr , and by repeating this process we may con- 

(^) 

verge m most cases very rapidly to the root required ; ai=a— :?> >— r > 

(fl^l) (O-^ (o) 

^=^'"" ^// N » ^B=^" 177-^5 if therefore we putF(a)=a- -y-^ , 
0'(«i) <l>'(ot) 0'(a) 

we have 

fl, = F(o) a, = F(ai) = F.F(a)=F*(a), a, = F(a,) = 

F.F.F(a) = FXa) &c. 

we thus generate a continued function, converging to the root of the 
proposed equation 0(j?)=O. 

Conversely, suppose oc to be the ultimate value, to which converge 
a, F(o) , F\a) , F»(a) , &c., then when n is infinite we have 





F"(a) = « P^'(o) = a. 


therefore 


F («) = « 


But 


F(«) = « *(«> 



therefore -rrr^ = ; now if jr, , jr, , cr,, &c., be the roots of the pro- 

(a) '^ 

posed equation, we have 

0'(a) 1 1 1 

"^rr^ = + + &c. = infinity. 

0(a) a-j?, a-jF. a Xm ^ 
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Therefore a must be equal to one of the roots x^ x^y x^^ &c., con- 
sequently this series of repeated functions, when convergent towards 
a limit, determines necessarily one root of the equation. Such are the 
principles on which this easy method of approximation is founded ; 
it is obvious, however, from the nature of both the direct and converse 
processes above pursued, that certain circumstances are necessary to 
ensure its success. 

(83.) By the application of Sturm's theorem (Art. 21) we can 
find two limits, a, 6, of a single root of the equation 0(j?)s=O , and 
we may suppose them, by subdividing their interval, to be taken 
sufficiently near eack other, that no root of the equations 0'(^)=O» 
0"(x) = , may be included between them ; this may always be 
efiected, unless either of the latter equations have one or more roots 
in common with the proposed ; and if there is reason to suspect that 
such a relation exists, it is only necessary to seek the greatest common 
divisor of the two functions, and proceed then according to the general 
rule to find the root corresponding to this common factor ; these 
particular cases may therefore be excluded in the following consi- 
derations : 

Since 0(x+A)=0(a?)+A0'(jt) + ^ . ^'(j:)+ &c. 

and by taking A sufficiently small, the terms after the second term 
will not influence the sign of the quantity added to 0(x) , and </>'(x) 
never changes its sign from ■x^:^a to ar=6 , therefore ^(j?) is always 
increasing or always diminishing between those limits, according as 
that sign is positive or negative, and the same remark must hold 
for 4*' 00 9 since 0"(x) does not vanish in the interval from x=a to 

Let this interval, a— 6, be divided into a very great number n of 

a— > b 
parts, that is, let A= . 

then 0(6+ A) = 0(6)+A0W+— . 0"(ft)+ &c. 

and 0(6) = 0(6+A)-A0'(6+A)+Y. 0''(6+A)- &c 

therefore 

<Kb+h>-m ^^^^-^^h ^,^jj^ &c=:*'(6+A)-^*"(*+A)+ & 

Now since ^^(<r) does not change sign from <r=6 to x^a, therefore 
0^(^)9 4>'^ib+h) have the same signs, and since A is very small, 

0(6+ A) -0g) jg necessarily between 0'(6) and 0'(6+A) . but 0Xx) 
h 

has a continuous increase or decrease from b to 6+ A, therefore 
^ "*" ^""^^ \ must be exactly equal to 0'(6i) , where 6< is some 
quantity between 6 and b+h. 
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Ag:alo9 ftft being between 6+ A and 6+2A, 6, betwieen b+2hf and 
b f 3h^ we must have 

j^ 9(*iJ 

~" 0(6+3A)-^(6f2M _ 

-r 1 = 0'(6J 



A 
and taking the sum of all these differences, we find 

But 0'(*>^) continually increases, or continually diminishes from 
jr=6i to 6», which are between a and 6; therefore 0(a)— 0(6) is 

necessarily between nA0'(6i) and nh,<p'(bn) or ^ ^LJ is be- 
et — 6 

tween 0'(6i) and 0'(6Of *^nd is therefore exactly equal to ^'(a), a being 
some quantity between b^ and b,, or, taking more extended limits, be- 
tween a and b, 

(84.) To apply this, suppose a greater and b less than a sought 
root of the equation ^(a;)=0, and such as not to include any root 
of the equations 0'(j)=O 0"(.t)=O between them, let e, ej, be the 
errors, that is, let a — c=6+ei be the true root, then 

0(o-O = 0(a)-e0'(a) = 
0(6+O =0(6)+<*,0'(;8) = 

Where a is between a and a-e, or x , and /3 between b and 6+<*i, 
or X, and therefure both a][and yS are certain quantities between a and 6, 

therefore x = a— c = o — -V-r 

0'(«) * 

Let 0'(a) be the greatest of the two 0'(a), 0'(6) ; then it will be 
greater than 0'(^), 0'(/^)9 though with the same sign, and 0(a), 0(6), 
have obviously contrary signs ; therefore, if 0'(a) be written in the 
above expressions for 0'(a), 0'(/5)t the correcting fractions for e, Ci, 

will both be diminished, and therefore a— \ ^ , 6— TTr—r* are nearer 

, 0'(«) 0'(a) 

limits to the sought root than a and 6, and are, one greater, the other 
less, than it. 

Calling these new limits a\ b\ we find, in the same way, closer 

limits, fl/'=ra'— 7-7-77, VrnV —., ■, and so on: and if we convenre 

thus to the true root from quantities above and below it, it is obvious 
that the digits common to the two approximations belong strictly to 
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the trae root ; thus this method of approximation will proceed with 
accuracy and rapidity. 

Example, a^— 2x— 5=0. 

Divide now 0(j:) by 0'(<r), and continue the division in the manner 
of finding the greatest common measure of these quantities, observing 
to change the sign of the remainders before they are used as new divi- 
sors, thus : — 

aj:«-2) 3(x»-2i7 - 5) (x 
3j*— 2* 
Iai-15 

Second divisor 4^+15) 4(3a?«-2) (Sj? 

12jf«+45j 

—45a: -8 

Multiply by 4 -180j7-32 (-45 

-180J-675 

+ 643 
Third divisor ..•••••••• —643 

The series formed by the given function and the successive divisors 
will in this instance bej?'— 2jr- 5 ; 3jt«— 2; 4j?-f 5 ; —43. The signs 
of the first terms in these expressions are -f-, -|-, +» — > which have 
but one alternation of sign ; therefore the equation has a pair of im- 
possible roots. Put successively 2, 3, for r in the same functions, they 
become in the first case — 1, +10, +13, -43, and in the second 
+ 16, +25, + 17, —43; the former substitution giving one alternation 
of sign more than the latter, it follows that the equation j?* — 2jr— 5=0 
has one, and only one, real root between 2 and 3. 
1*^ Also, it is easily seen that neither of the equations 3j?'— 2=0, 
6<r=0, have any root betweeu the same limits; these numbers will 
therefore serve to commence the approximation. 

Put therefore j:=3— c=2+ei ; 

then ^(3-0=0(3) -e0'(a)=O, 

where a is between x and 3, and 0'(x) increases between these limits; 

1 a 
therefore 0'(a)<0'(3), or 25; and since 0(3)=: 16, therefore —<e ; 

therefore ^<3— ~, that is, 2.36 is a superior limit nearer than 3 to 

the true root. 

Similarly, 0(2+ ^i) =0(2)+ ei0'(;8). ^ lying between 2 and a:, we 

1 
have 0'O3)<0'(3), or 25 ; therefore Cj is greater than — , or j?>2.04, 

a nearer inferior limit than 2. 

Though the limits 2.04, 2.36, are nearer than those first assumed, 
yet, as the digits in the first place of decimals differ by more than a 
decimal unit, we shall readily obtain a nearer superior limit by writing 
2.1, 2,2, 2.3, for x in 0(j:). The first of them which renders <f>('x) 
positive must be a superior limit, siifce there is but one real root be« 
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tween 2 and 3, and 0(d;) can only chan^ its sign by passing through 
zero. Now, when 2.1 is put for jr, we find 0(:r)=s.O61y which is 
positive. 

We shall therefore recommence the Operation with the limits 2 
and 2.1. 

<^(2.1)=9,261-4.2-5=:.061 

(^(2)=8-4-5=-.l 

<^'(2.1)=13.23-2=n.23; 

.^ r. ^« , 61 « 1062 

therefore j?<2 . 1 — , ,^^^ , or 2 + -^^ •, 

11230' 11230' 

w« . 1000 
and a?>2-f- 



11230' 



These limits of x differ only by ; but the superior limit has a 

much nearer approximation to the root than the lower, the divisor of 
the correction in the latter being foreign to it, and borrowed from the 
superior limit; from this, converted into decimals, we have j?<2.09456, 
which is remarkably close as a second approximation, the true value, 
given by repeated processes in Fourier's * Analyse,' being 

2.09455.14815.42326.59148.23865.40579.30 

This example was first given as an instance of his method by Newton, 
was afterwards solved differently by Lagrange, * Equations Num^- 
riques,' and the cause of the rapid convergence by Newton's method 
pointed out ' Note V.,' and finally was selected by Fourier to exemplify 
his improvements in the theory of this approximation. He has, how* 
ever, indulged in numerical calculations which were unnecessary ; for 
the sign of <i>(x), when any approximation was put for <r, would show 
whether that value was above or below the true one, because only one 
real root lies between 2 and 3 ; and since 2 makes 0(j?) negative, and 
3 makes it positive, the sign alone for intermediate values would suffice 
to determine whether they were superior or inferior limits. We may 
observe that the logarithmic method, which gives the same result as 
Lagrange*s series, would in this example give 

_5 5» 6 5' 8.9 51 ^ 
'^""2"'2*+1.2- 27^2.3' 2^"*"*^' 

a divergent series corresponding to the imaginary roots. 

It is important to consider the degree of accuracy attained by this 
method of approximation. 

Suppose, as before,* that o, b are the superior and inferior limits of 
Hie root to which we wish to approximate, containing between them 
no other root of the equation 0(j7)=O, nor any root of the equations 

<^'(^) = 0, *"W=0; and let a-6=A, a'=a-.^,, 6'=6~^, 

h*=^a'—b^ ; then a!, b' are the limits obtained by the first approxima- 
tion, the accuracy of which may be judged by the relation subsisting 
between h' and h. 
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Substitute for h its value a-~h; then ^ (b)^(l)(a) '^^(a'y.h 

4-^'(y)«T~o9 where it may be seen, by similar reasoning to that we 

have already employedi that y is some quantity between a and 6 ; 
hence we obtain * 

4/ (ay 20'(a) 

therefore at^i/:=zh'=!^^^ . hK 

Now, though the quantity y and therefore ^'(y) is not accurately knoWn, 
yet we can easily determine a known quantity greater than the latter— 
for instance, ^"(a) — if <^"(a) is positive, or ^'(^) >» the contrary case, 
on the allowable supposition that ^'''(^) ^^^ ^^ ^^^^ ^^ ^^^ interval 
from 6 to a; and dividing this quantity greater than ^''(y) ^7 ^^^C^)) 

if C be the quotient, we necessarily have ^'<CA*; and, as ■ . ^ would 

diminish for nearer approximations Tsince 0''(y)=0"(^) — ^'"(^).ife, 
where ^ is between a and 6,or to 0"(^)-f(^'"(O./ and 0"(S), </>"'(e), 
must have, one the same sign as <l>{a)f the other the contrar}* sign ; 
A:=a— y, /=7 — 6) ; therefore, when C is properly determined, if h'j 
V, A''', &c., be the differences of the new limits successively obtained, 
we have h'<Ch\ A"<CA'«, hf"<Ch'^\ &c.; wherefore the rapidity 
of the approximation may be compared to that of a descending hyper- 

A CA* 

geometrical progression; for if A'=— , then ^"<-|75;;i the number of 

places of correct decimals, excepting the influence of C, which is always, 
the same, being thus doubled at each operation. Such great conver- 
gence makes this mode of approximation as valuable as it is sure. 

When a — e is put for d?, if, instead of determining e approximately 
by the equation 0(a) — e0^(a)=O, we take the more accurate equation 

0"(o) 
0(a) — e0^(a)4-c* ^ \ 9 then the verification will subsist in the equa- 

tion 0(a — e)^=^0 to the second power of e inclusive; and if h be the 
difference of new limits obtained in this manner, the same considera- 
tions show that the diminution ^f the successive errors is still more 
rapid, or may be expressed by h'szCh\ A"=CA'', &c. ; but this exten- 
sion of the Newtonian approximation, requiring at each operation the 
extraction of a root, is less simple, and therefore less (it for use, than 
that which we have explained. 

For the great improvement of Newton's approximation by means of 
two limits, which include in their interval all the roots of the first and 
second derived functions, we are iiidebted to Fourier ; but his method 
would have been incomplete without the assistance of Sturm's theo- 
rems, which show definitively the existence or non-existence of roots 
in given intervals. For the employment of parabolic curves, however 
it may tend to illustrate the subject as an application, must be regarded 
as foreign to it when used as a mode of investigation ; and in reality 
it furnishes only a vicious circle, since nothing can be deduced from a 
curve which is not implied in the equation from which it is traced. 

(85.) Without entering on the general subject of elimination, we 
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shall notice Simpson's extension of the Newtonian method of approxi- 
mation. 

Let0(x, y)=0, F(jr, y)=0, be two equations, containing two un- 
known quantities, x and y^ of which we know approximate and co-or- 
dinate values a and 6 respectively, so that ^sra-fA, y=6 + ^> when 
A and k are both very small ; then 0(a-hA, h-\-k) may be expanded 
in the form ^(a, 6) + AA-|-B^=0, neglecting higher powers of A, ky 
and their rectangles, as compared with their first powers ; similarly, 
we shall have F(a, 6)+A'A4-B'A?=0, from which simple equations 
the first approximations to the correct values of h and k are readily 
deduced. 

Example. To find the imaginary roots of the equation ofi-^^x 
-5=0. 

Let a, /3 be the imaginary roots, of which let the sum be s and the 
product p ; let a, /3 be each put for x iu the equation, and by summing 
the results we find, «®-3«p-2«— 10=0, observing that «*+/3'=«" — 3»p. 
Again, if we subtract the result of one substitution from the other and 
divide the remainder by a— /3, we find a*+a/3+/3^— 2=0, or »•— /? 
r-2=0, we must now seek approximate and co-ordinate values of 
s and p, as 8, P, and then putting «=S+A^=P + ^f when h and k 
are supposed very small, we shall have 

(1). . . (S»-3SP-2S-10) + A(3S*-3P-2)-3SA:=0. 

(2) (S'-P- 2) -h2SA-.it =0. 

(3) HenceA = -2,g^^-±|;*=S«-P-2+2SA. 

The cotemporary values of x and y render S'— jt? — 2=0 and their 
approximate values must render S*— P— 2 a small quantity ; if we put 
S+A for S, P+A for P, we shall obtain second corrections A', A', and 
putting S-hA+A' P+ A ^-A' for S and P, third corrections will be 
found, &c. 

Form now a recurring series, of which the first three terms are 
1, 2, 4, and the scale of constants are the coefficients in the given 
equation, namely 0, 2, 5 ; 

1, 2, 4, 9, 18. 38, 81, 166, 352, 737, 1534, 3234. 6753, 14138, ' 
and taking the successive quotients we find them convergent, though 
sometimes above and sometimes below the value to which they con- 
verge ; if we take only the last 3 terms we have 

6753 14138 

The real root being, therefore, 2.09 nearly, we must have S= - 2.09, 
and dividing 5 the product of all the roots by 2.09, the quotient is 
2.39 . . .We may therefore take P=2.40, 

Hence S'-2S+ 5= .0506. . . S«-P-2= - .0319 

SS«+3P + 2=22.3043. 

Hence A=- . 90045 A=- ,0319+4, 18. A= -, 0131. 

The corrected values of S and P are thus, S=— 2,0945. . .P=2,3869,' 
the first of which is correct to the lust figure, and the .second is too 
small only by .0001 ... And a second approximation is readily effected 
by writing these values for S and P in the formula above given. The 

required imaginary roots are therefore- 1,0472. . .±1,1362. . •V-l. 
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• Example 2. To find all the roots of the equation x*-^ j:4- 10:= (no 
possible roots), we must form a primitive recurring* series, of which the 
scale of constants is 0, 0,-1, — 10, and the first four terms may be 
any assumed : we shall take those corresponding to the sums of the 
first, second, third, and fourth powers of the roots, viz. 0, 0,-3, —40. 

Primitive series, 0, 0,-3.-40, 0, 3, 70, 400,-3,— 100,— 1100,— 
3997, 130, 2100, 14997, 39840,-3400. 

From the product of the extremes belonging to any four consecutive 
terms of the primitive series subtract the product of the means, and thus 
another recurring series is generated. 

1st derived series 0,-120,-9,-2800,— 210,-28009, - 5800,- 
440300,-98009,-4409700. . .in which the ratios of the consecutive 
terms, alternately greater and less than unity, have but little con- 
vergence to any definite value ; therefore it wilt be of advantage to 
form a second primitive series, of which the first four terms shall be 
nearly proporiional to the four last-computed terms of the preceding 
and lower in numerical value, ^s, for example, when divided by 700 we 
have thus 

Second primitive series, 3, 21, 57,-5,-51,-267,-565, 101, 777, 
from which the series derived in the manner above mentioned^ changing 
all the signs, will be 

1212, 786, 15475, 10792, 156006, 150394. 

In the former derived series the limits of the product of the Jirst pair 
of impossible roots which are found by taking the quotients of the 
successive terms were |^ and 45 nearly, and in the latter one they 
are 1 and 14|- nearly, which are yet too remote ; another primitive 
series is therefore to be formed, taking —5, — 11, 2j 15 for the first 
terms which ariee by dividing the four last terms of the above by 51 
to obtain low results. 

Third prim, series, 
-5,-11, 2, 15, 61, 108,-35,-211,-718,-1045, 561, 2828 
and the three last terms of the derived, with signs taken positively, are 

114923,868681, 1444259, 

when the successive quotients are nearly 7^ and If. 

Divide the four last terms of this primitive series by 51 and com- 
mence a fourth with the quotients. 

Fourth prim, series, 

-14,-20, 11, 55, 160, 189,-165,-710,-1789,-1625,2360, 

from which we obtain for the three last terms of the derived recurring 
series 

455271, 1002065, 4582725. 

The successive quotients are now 2i, 4J nearly ; dividing by 71 we get 
similarly 

-10,-25,-23, 33, 125, 273, 197,-455,-1523,-2927,-1515. 

Last derived terms, with signs changed, are 

326144,1269584,3768496,* 
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the limits now obtained are 2, 97. . .and 8, 8. • • 

Finally form a primitive series, dividing the four last terras of the 
above by — 152, 

8, 10, 19, 10,-40,-119,-200,-60, 519, 1890, 2060, 81, 

the three last terms of the derived are 246860, 845010, 2821361, 
from vyhence we find 3*34 and 3*42 very nearly as. the limits of the 
product of the first pair of imaginary roots, and since the product of 
all the roots is 10, that of the second pair is between 2.92 and 3. 

Again, a second derived series may be formed by taking from the 
product of the extremes of 3 terms the square of the mean, and 
changing the sign of the remainder, the two last of which correspond- 
ing to the two last above obtained are (519)*+60x 1390 and (1390)* 
— 519x2060, or 352761 and 861960, therefore the limits for the sum 

c.u a . • r- ki ♦ 845010 , 2821361 

of the hrst pair of impossible roots are --—— and or 2.4 

and 3.2 nearly, the same quantities taken negatively being the limits 
for the sum of the second pair. 

The proper limits being thus obtained, let s represent the sum and 
p the product of the first pair of roots a, j3, then we have 

a* + a4-10=:0 /3*+/3 + 10=:0 

Buta*+/3*=»*-4»«p + 2p»; ^ - "^ =(a^+/3')+a/3(a+/3)=a'— 2m 

Of — p 

Hence f*-4s«p+2p"+f+20=0 

8»-2»j»+l =0 

and to obtain a first approximation, let 

S=2.5, P=3.4, «=S+^, pszT+k. 
Hence (S*-4S«P-f 2P«+S+20)+(4S»-8SP+l)A— 4(S«^P)A:=rO. 

(S«-2SP+l)4-(3S«-2P);i-2SA: . =0, 

or ,0625-4, 5A- 11. 4A=0 

-,375 + ll,95/i-5A;..=0 

from whence we find A=:,0028 A:= , 0043, and for a first approxi- 
mation S=2.5028 P=3.4043 and one half the difference of these 

two roots =. /( — — P)=l, 348 . . . V— 1; hence the first pair. 

of impossible roots are 1, 251 ... ±1, 348 . . . ^—1. 

For the second pair the sum is —2.5028, and the product = 

10 ' //S* 
P'=5- = 3, 231, therefore their semi- difference = ^ f P') = 

1, 282. . ..therefore the second pair are — 1, 251. . . :t 1)282. . . 

This example from the near equality of the moduli of the impossible 
roots (that is the square root of the product of each pair) was un- 
favourable for the application of the method of recurring series ; but 
as this method may be said to be the only direct one known for ob- 
taining a first notion of the magnitudes of the real and imaginary parts 



THE THEORY OF EQUATIONS. 127 

of the roots of equations, we have, therefore, developed it at length, that 
it may be seen how we are to improve the first arbitrary terms of the 
primitive recurring series, namely by commencing other series, the 
first terms of which will be small and nearly proportional to the last 
terms of the previous recurring series ; we may add that the research 
of the impossible roots of equations has been generally overlooked in 
modern treatises of algebra, although it is requisite for the integration 
of rational fractions. 

(86.) Method of Continued Fractions. 

Let ^(j?)=0 represent a proposed algebraical equation, which we 
suppose to have some real roots, and in this method the research is 
confined to the positive roots, and the negative roots may be found in 
the same manner by making <r r= — ^ for then all the negative values 
of X correspond to positive values of y. 

Divide ^(j?) by the derived function 0'(jr)!=rVi, and change the sign 
of the remainder ; let this quantity Vg be made a divisor in the same 
way for 0'(j?) and the next remainder with a changed sign Vg a divisor 
for V„ and so on until we arrive at a constant V„ ; then when a? is put 

=0 in the series of functions 0(j?), V, , Vj, Vg V„, they are 

reduced to their last or absolute terms, and when jt = + go their signs 
are the same as those of their first terms ; observe hqw many alter- 
nations of signs there are (from + to — ) more in their last than in 
their first terms ; we shall thus know how many positive roots exist. 

Substitute in the same functions 1, 10, 100, 1000. . . . successively 
for X until the results have as few alternations of signs as the first 
terms of the functions ; then observing how many alternations are lost 
from a:=l to 10, from j?=10 to 100, &c., we shall know how many 
real roots there are in the same limits. 

If roots are between 10 and 100 then put 20, 30, 40. . . • 90 for x, 
and if, for example, we found them yet between 30 and 40, then put 
31, 32, 33, ... .39 for or, and thus it is plain we shall separate all 
the roots of which the difference is greater than unity, and moreover 
we shall become acquainted with the integer part of the root or roots ; 
in other words the integer which is next less than each root. 

Let p be an integer thus found which may belong to only one, or 
be common to several roots, according as the fimctions 0(j?) , Vj , 
Vj.. . .V^, lose only one or several alternations of signs from a?=p 
to a:=p-f"l • To the remaining roots would correspond other integer 
parts, p', p", &c., to which should be applied a similar process to that 
about to be described. 

Make a? = p-| — , the transformed equation is ''; 

l»d I .2. . •?{ 

where n is used to denote the dimensions of ^(x) , 

Our object being to approximate to the value or values of y, which 
are between p and p+ 1 , we must take values of y in the transformed 
equation which are greater than unity, and positive ; the number of 
these we already know, being the same as the number of values of « 
in the above-mentioned interval. We can now find the integer part 
of the value or values of ^ in the same manner we bad emjdoyed'for ^i 
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but it should be observed, that when there is only one value of x 
between p aud j9+l 9 tliere can be only one positive value of y greater 
than unity, it will be therefore sufficient to substitute the natural 
numbers, 1, 2, 3, &c., for y in such case, until the transformed function 
changes signs ; we shall thus know the integers g , 9 + 1 9 which 
limit y. 

1 ^ 

We have now merely to repeat this process, making y^^-i — t 

2 s= rH — 9 &C.9 and however near two roots may be, we shall ultimately 

separate them by this process. 

Such is the method of continued fractions given by La^i^range, but 
the certainty of its application we see depends on Sturm's theorem. 

After the roots are separated, we may, by similar transformations, 
converge to one of them, the continued fraction or value of x being 

^% 1 : 

^ 1 

+ - + &c. 

and it is easily seen that the converging fractions which are deduced 
are alternately greater and less than tiie true value ; as such trans- 
formations are, however, in many cases tedious and laborious, it is 
practically better to use Newton's method of approximation, after the 
separation of the roots. 

(S7.) To find the imaginary roots, Lagrange recommends to form 
the equation to the squares of the differences of the roots, so that if 
of+ySy — 1 and a-\-fi^ — 1 were roots of the proposed, —4)8* would be 
a real root of the transformed and is essentially negative ; but besides 
the great labour necessary in general to form this equation, and the 

TiCn — I) 
high dimensions — — — - to which it rises, the labour of approximating 

to fi by means of this equation, and then of approximating to a by 

means of the equation ^(a+)8 V— I) — ^(a— )8v — 1)=0; (which, 
generally speaking, render the method all. but impracticable) ; besides 
all these objections, there are several causes to produce an uncertainty 
in the determinations, even when all the labour is surmounted. For 

instance, when twojpairs of impossible roots a+)8V^, a-fi^H-i^ 

a+fyV — 1 , a— 7V— 1, have the possible part a common to all, 
then — (y8— 7)S — (y8 + 7)*, will be negative roots of the transformed, 
as well as — 4)8*, —47*, though they correspond to no conjugate pair 
of impossible roots of the proposed. We, therefore, in seeking such 
roots, decidedly recommend the method of recurring series^, as before 
explained, used with a due regard to the diminution of labour by 
proper assumptions; this being the only other method existing for 
the purpose in the present state of analysis, putting out of considera- 
tion the purely tentative method of forming a table to double entry, 
in which a series of values would be assigned to )8, corresponding to 
every assigned value of a. 
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(88.) Consider now the fractions converging to the uUimale value 



of the continued fraction, 

1 



a 



1 

q -{ 



1 

r+ — o 

s + &c. 

they are|; , p + - , p H r, &c., which may be reduced to simple 

q + - 
r 

fraction^, capable of being successively formed, each from two pre- 
ceding fractions, in an easy manner. 

Of 

The (/i+l)th converging fraction being represented by -^^ , we 
have manifestly 

— = - or ao=p Po=l 
Po i • . 

— =' or a,=qao+l Pi^qfioi 

Pi q 

m this formula write g + — for q , and multiply numerator and deno- 
minator by r, the result will be the next converging fraction. 

(g+- joo+l , , ,. , 
Hence — =5 = =r — • 

Kq-\ — Po 

or^a'i = r «! + Qfo ^i = ^'/Si + fio 

In the same manner by writing r-| for rwe obtain 

'' s 

_aa __ ^/ ^ __ Jg(rogt-|-cfo ) + g^ __ g «^+ pg^ 

that is tta r= sc^+ai ^8=*^i+^i; 
and in general if u be the nth and v the (71+ 1th) denominator of the 

simple fractions, and if- = — l"^ , a" ' > ^'^ see that a„_i , a„_2, 

P, Wp«-i+Pi.-a 

^„_i , ^„-s > depend only on the denominators which precede 7/, and 
should not be altered when, to obtain the next converging fraction, we 

write M + - for tt , therefore 

v ' * 
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cr, 



■+i ^^ 






^"^' («+-)i6_i+A 



:«+i)^^, 



and therefore 6K,+i=r.a,+a«-i )8.+i=r)8,+)8«-i » whence we see the 
generality of this law of formation which may be thus announced. 

Calling the denominators q, r, «, &c., the partial quotients, then, 
to form the converging fraction when we stop at any given partial 
quotient, knowing the two preceding converging fractions, multiply 
the numerator which occupies one place before that sought by the 
partial quotient for the latter, and to this product add the numerator 
two places before. 

Multiply the denominator of the place before by the same partial 
quotient, and to the product add the denominator two places before. 

We shall thus have the new numerator and the new denominator. 

Example. Let the continued fraction be 

1 

3+ ' 



3, &c. 

The first two converging fractions are --- and — , from which the 
others can be formed as follows by the rule given, 
1 3 10 33 109 360 



3 ' 10' 33* 109' 360* 1189 



, &c. 



The exact value to which the fractions in this example converge is 
incommensurate, for if we represent it by x, then the actual deno- 
minator taken after the first dividing line of the continued fraction is 
3+0?, and therefore, 

X = or x^+Sx = 1 

3+1? 

r _ 3 /_13 . ! 

^- ""2- V 4 ' [ 

but since the fraction is clearly positive, we njuat tal^e only the upper 
sign, and therefore its correct value is - { ^(13 — 3 } 
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(89.) Every continued fraction, of which the partial denominators 
circulate, is a root of a quadratic equation ; 

For let X = r- 

1 



1 



a^'\- &c. 

and suppose the partial denomijnator to circulate afler n places, that 
is, let ff„n = ffi fl'^+j = Oa , &c. . . . a«,+i = flj , &c. 

Let -r^» -r^' ■—-, &c., be the converging fractions, then sii 

P\ Pi' 'Pa 

1 



since 



X = 



a,+ 



1 

aa+ 



1 

+ 



if we consider r/«+J? as one partial quotient, the corresponding con- 
verging fraction ought to be the same as jr, and by the rule this is 

(ff, -f- x) a,_i + a„_. 



= ^f 



(.Cr. + «) ^«.l + fin-i 

from which it is obvious that jt is a quadratic surd ; the converse of 
this proposition, namely, that every quadratic surd generates a con- 
tinued fraction with recurring periods, we shall shortly find to be 
also true. 

(90.) Recurring now to the general laws of forming the numerator 
and denominator of the converging fractions, we can eliminate the 
partial quotient v, and thus arrive at a relation independent of such 
quotient ; we have a^+i = r . crn + otn-i 

therefore ^-On+i — or«/3„+i = A Vt^i -a„/3,_i ; 

from which we learn that, when n is increased to n+l| the quantity 
Pudfn^i — o^nPn-i Tctains the same magnitude, but changes its sign. 
Now, when n is unity, its value is ^p— (g'^o+l) ^ —1; therefore, 
when n is 2, the value is + 1 ; when*7i is 3, it is —1, and generally 

Thus, in the numerical example above given, we have the two con- 
secutive fractions ■^^>2ind-rY'£^» accordingly we find 

1189 X 109 - (360)' = 1. 

From this it follows that every numerator in the series of converging 
fractions is prime to the corresponding denominator and to the preceding 
numerator, for if crn-i, «« had any common measure, or c^, /3„ a com- 
mon measure, the same must measure ( — 1)", which is impossible. 

It also follows that the difference of two consecutive fractions is al- 
ternatively positive and negative, and is a fraction, of which the nume- 

k2 
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rator is 1, and the denominator the product of two consecutive de- 
nominators. 

Thus -r — = — =^ — -r, which, abstracting 

/ 1 \t . 

from its sign, is less tlian ( - — ) ; and since, moreover, the converging 



fractions are alternately greater and less than the correct value of the 
continued fraction, the error is less than unity divided by the square of 
the denominator of the fraction so obtained. Thus, the difference be- 

109 1 / — 109 

tween— — and-{vl3 —3} is less than the difference between — - 

^fJO 1 

and rr^; that is, less than -th^-ttT' Thus every fraction approaches 
much more nearly to the true value than the preceding. 

Suppose now -^ to be below the true v^lue, and -=- any other fraction 

Pn Q 

also below the true value, but nearer to it than -r^, then :r'<>-P^s 

/3, Q /3.H 

since the converging fractions are alternately above and below the 
true value : hence — — W^ *s positive, and less than -^ — 7r> or 

Q Pn Pni-l Pn 

1 Q 

; therefore P/3, — Q a, is a positive integer^ but less than 



Q therefore cannot be less than /3«+i ; in oiher words, we can interpolate 
no fraction of a denominator inferior to /3„,li which shall be nearer the 

true value than — , and a fortiori than "'^^ 



fin ' ft, 



nH 

(91.) We proceed to illustrate by examples the theory here explained, 
with the faciHty given to its application by Sturm's thex)rem. 

Example. Given x^ — 7x^ + 17a? —13 = 0. 

3j«-14i'+17)3a?^-21.r'-i- 51^:- 39(r 

3£— 14a;2+ 17.r 

- 7x^+ Six- 39 
-21j;24.i02jr— 117(-7 
- 21jf^-|- 98J-1 19 

ix+2 
-2a:--l)6j?"-28j:+34(-3i? 
6x^+ 3x 

— 31j?+3t 

- -62jf+ 68(31 

-62a: -31 

+ 99 
■ -99 
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The equation has but one real root, which lies between 1 and 2. 

Put JT 1= 1+ - * W = ^' ~7j:« + 17j: - 13 ; 

y \ 

therefore 0(1) =-2^(1) =6 ^^=-4|^=l. ^ 

The transformed is 2y° — 6y* + 4y — 1 = 0. 

There i3 a root (the only one) between 2 and 3. *" 

Tut y= 2 + - 4>,{y) = 2/ - 6y«+ 4y - 1 

z 

therefore ar' — 4jr\— C« — 2 = 0. 
The root is between 5 and 6. 

Put « = 5 + - 08 (;?) = ;r' - 4.^* -6^-2 

thJ'io) <^«''' (5) 

0,(5)= -7 0.'(5) = 29 ??L^'==:11^^:=1; 

therefore 7m» -29w*- llu — 1 =0. 
The value of u is between 4 and 5. 
These transformations may be easily continued. Hence 

j:= 1 + " 



2 + 1 



5 + 1 



4 + &c. '"' 

. r . 1 3 16 G7 •: 

The convergmg fractions are -,-, ~, — 

Example 2. Given Sa?\~ 6.r + 1 = = <{> (jc) 0'(a:) =6 C4a« - 1). 

4.fc^-l)8j^^Ga;+l(2r 

8a?" ~ 2.r 

^j:-f 1 

4j;-l)4j«-l(r 
4iS— .r 



a;~l 

4j:-4( 1 
4x. 



r~ 1 / 

r-4( 

r-l^ 



-8 

+ 3. 

The series of fiinclions in this case is 

8j'-6a:+l, 4t«— 1,4j-1, +3. 

The equation has therefore no impossible root. 

Put *r=0. The si^ns are +, —,—,+; and when «= + ao, they 
are + -f + + ; therefore the equation has two positive roots. 
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Putjr=l. The signs are + + + +. 
The two positive rools lie therefore between and 1 . 

p^tar=0+i; therefore y»-6y»+8=0r=^i(y) <(y)=3(y«-4y). 

y 

-2/4-8 
-2y'+8y 

-8y +8 

y -l)y*-4y(y-3 
/- y 

-Sy 
-3yf3 

—3 

+ 3. 

The series of functions for determining the limits of y is therefore 

y»-6/+8, y(y-4), y- 1, +3. 

Put y=0; resulting signs are -f- ^ — + 
3/=l - - - - + - * + 

y=2 - . + + 

y=3 . . - - _ - + + 

?/=4 - - - -— * + + 
y=5 . - - - - + + + 
y=i6 - - - - + + + + 

Hence there is a root between 1 and 2, and another between 5 and 6. 

Put therefore y=lH =5+-, 

'' z z' 

*i(y)=y"-6/+8;0/(y)=3(y--4y);^=:3(y-2)^^=l 



0/(l)=-9; ^5^= -.3 I 



^,(1)=3; 0/(l)=-9; ^-^ 

0,(5)= -17; ^/(5)=15; ^=9; ^* 

therefore 2z* - 9;s* - 32 + 1 = 

172^ « 152'«-92'-i=:0, 
when z and z' have each only one value greater than unity. 

By observing wlien the preceding functions of z and z' change sign, 
we find z is between 3 and 4, ;;;' between 1 and 2. 

Put therefore s=34-- z'=l+— 7; 

« u 

the transformation 8 and continuation of the process may be then easily 
performed, as in the preceding example : whence the two positive roots 
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of 0? 


are 


+ 1, 
1 + 1 


and + 1 

5 + 1 








3+1 1 + 1 










u u', 


» 
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Again, in the primitive series of functions, which define the limits of 
the roots of the proposed equation, viz. ; 

8a:'-6jr+l, 4j;*-1, 4j?-1, +3. 

Put j?=0, the signs are + — — + 
0?= - 1 - .« + -+; 

therefore there is a negative root between and — 1. 

To find this root, make j?r=0 , ; 

hence y'*+6y'*-8=r0: 

y' must have one positive value greater than unity : it is easily found to 

be between 1 and 2. Put y'= 1 + "tjj the transformed equation is 

Hence *■" lies between 15 and 16, or 2"=15H — -. . 

Tlie required negative root is therefore — 1 

1 + 1 



15 + 1 



u'' ; 



from which we see that the negative roots may b6 approximated to in 
the same manner as the positive. 

We shall next take for our example one which has already been 
solved by a different method, that the accuracy of the approximations 
may be compared. 

Examples, a;* — 2j7 — 5=0. 

By the method so often used before for finding the hmits of the roots 
of equations, we find that x in this case Ties between 2 and 3 ; we must 

therefore make a;=2H — ; and, multiplving the transformed equation 

y 

by y', and changing all the signs, we have 

y3„xo3/«-6y — l=r0. 

Substitute for y the natural positive integers until this function of y 

changes its sign from negative to positive, the equation, as we have 

shown, having only a single positive root greater than unity ; and, 

since the greatest negative coefficient of an equation increased by unity 

is a superior limit to the roots, if we commence the substitutions, putting 

for y 11 and then 10, 9, &c., the result has contrary signs for the first 

two ; therefore y is between 10 and 11% 

1 

The next transformation arises by putting y=10 + -, whence we find 

At 

Cl5'-94?«-?0?-l:=:0; 



136 THE THEORY OF EQUATIONS. 

and, since the greatest negalive coefncient when the equation has been 

. . 94 • 

divided by 61 is —, 2 is a superior limit ; substitute, therefore, 0, 1, 2 

for z, and the function changes sign, the results being —1, —54 
+71, &c. ; hence z is between 1 and 2. => > > 

Next make r=rl+^, and we find the transformed to he 

v, 

54T£»+25it*— 89m -61=0; 
, 89 

"«nce T^i-1 w a superior h'mit to the fositive root of the equation ; 

and, upon substituting, we find that u is between 1 and 2. 

Sim-Iarlywe put M=rl + -, and we find « between 2 end 3. «=1 + - 

* . i 

then i is between 1 and 2. ^ = 1 +-, and r is between 3 and 4. r=3 

T 

+-, k Is between 1 and 2, &c. 
Hence x=.2-\ 



10+ 



1 + 



l+-i 



2+^ 



1 + 



3-f 



14-i 



1 + 



12 + &C.; 
from whence we form the converging fraciions 

2 91 23 44 m 13j 576 731 1307 16415 j 
1' 10' 11* 21' 53' 74' 275* 5r9' 624T' "tSST"' 
which are allernalejy greater and less than the true root, the error of 
the last being less than ^^^g;^,, or, converted into a decimal, less than 

.0000000163. Now this fraction ^^ is the same as 2.0945514865. 

and by Newton's method of approximation we have already found 

OOo7oOoS'° '' 2-«^455148I5, the error being only e'qual "o 

The other two roots of the equation are imaginary ; but. as the 
dimensmus of the proposed are in .his case lew, they may l^e ^adUy 

of thf dit;;^ ^'^'f r^ "'^ "*'"/""" °f ^''"^^ ">« ^^^ are^l,esquaS 

bt W ,J5r a mH*! "" '""'^ "^ '^' ^'■^■*" ^a"ation-'I>e method used 

ny wiuiJigaiKi ijagrange. 

Let a+^31and a-jSyf^l be the imaginary roots, the diirerence 
of which is 2y8V- 1, and the square of the difference is -4fi\ Now 
Jf -X be the square of the difference of any two roots of the proposed! 
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the equation for determininp^ X (the metliod for forming which we have 
given at the beginning of tliis work) is 

X« + 12X^+ 36X- 643=0 =</)(X) suppose ; 
3(X« + 8X-M2) = 0'X; 
Xi + 8X+12)X»+12X^+36X-643(X + 4 

X«+ 8X« + 12X 

4X*+24X-643 

4X'« + 3-2X+ 48 
- 8X-691 

8X+691)8Xa+ 64X-f 95 ( x 
8X'+ 691 X 



- 627X+ 96 
-5016X-f 7CS( -627 
-5016X-627XC91 

remainder positive. 

The functions giving the limits in this case are 

X« + 12X*+36X-643, X"- + 8X+12, 8X-f 691 and a ncgaliye j 
constant. 

Put X = 5; the signs are — + + — 

X = 6 . . . .+ + + -; 

therefore X is comprised between the numbers 5 and 6, 

Make now X=5-|~, and, changing the signs to render the first 

term of the transformed positive, we have 

3SY«-231Y*-r27Y-l = 0; 

231 
a superior limit to the root of which is -— +1> "r 8. Substitute 8, 7, 

38 

6, &c. for Y, and we find a change of sign in the function in the two 
latter ; therefore Y is between 6 and 7. 

Hence Y = 6-f — ; the transformed equation is 

271Z8-1305Z*-453Z-3S = 0; 

the superior limit to which is hitt"^^' ®^ ^5 ^"^^ W ^^^^ !?ame process 

repeated we find ;5=: 5+—, U=6+-, &c.; 

" 1 
whence 'X = 5H 



k; J Q^ — 



1 

5 + 



6 -f &c. ; 
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the converging fractions to which are 

5 31 160 991 
1' T' "31' 1972' 

We thus find X=:5. 161458.. . ; the error being less than .000002. 
Hence 2/3=VX=2.27188. . . ^=1.13594. . . 

Now, if we put a + )8v — I for x in the proposed equation, and equate 
the possible and impossible parts separately to zero, we have 

Q8_(3^2^2)a-5=0 
3a*-^^-2=:0. 

Multiply the former by 3 and the latter by a, and take the difference 
of the product ; 

_ 15 _ 15 

'*"""8/3«-f4~ 2CX+2)' 

whence the sought imaginary roots are. 

-1.04727... ±1.13594... ^~\', 

to whicl^if we desire greater accuracy, we may now apply Simpson's 
extension of Newton's method of approximation. 
Example 4, for practice. 

;r^-7j?-7=0. 

This equation has two positive roots and one negative ; they are 

1 



j:=1 + 



'=1+^ 



2 + ^ 



4 + &c. 
~ 1 

a 9 • ^ 



. 2+— 



4 + &C. 



1 
a:=— 3 »• 

20 + 



3-f &c. 



/tra. 



It may be observed that all the successive transformations required 
in the application of this method arise from substitutions of the form 

arrr-T — rri the quantities a, 6, a' 1/ beins of course different in the 

diff^erent transformations. 

1 P ^ 

; When a proper fraction -is reduced to a continued fraction, the 

number of quotients or partial fractions generated depends on q, but gr 
being given it varies with /?, we can find a limit to that varying number 
in the following manner. 
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Supposing p to be less than q^ divide q by p, let the quotient be a^ 

P 1 

and the remainder js^, hence - = 



Q , Pi 

«L+ — 

P 
Again let j9 be divided by pi, let a^ be the second quotient, and p^ 

P 1 
the second remainder, then - = 



q 1 

Pi 

This quantity pl^ or second remainder, is necessarily less than the 
half of/?, for if/?i be one-half or less than one-half of p, it is clear that 

P2 which is less than p, , is less than -^ , and i^pi be greater than the 
halfof /?, then the quotient Oa is necessarily unity, and pi=p — pi is yet 

less than - . 
2 

P 
For the same reason when — is reduced to the form 



Pi . 1 



p^ 



we must have P* < |^ < fi similarly Pe < "li . and generally Pin<^ • 

If, therefore, 2" be the nearest power of 2 less than p, pg„ must be 
1 or 0, and the number of partial fractions cannot exceed 2n, 

Since p may be reduced by division if it exceeds q, it follows gene- 
rally, that taking 2"* for the power of 2, which is nearest below q, the 
number of partial fractions in the continued fraction which represents 

- cannot exceed 2m. 

lliXample. — = 1 

14- — 



l + -i 



'-1 



Since 2*= 4 is the nearest power of 2 below 7, the number of 
partial quotients cannot exceed double the index, which is 4 ; but is 
in this case exactly equal to it. 

(91.) Inversion of continued Fractions, 

It will be convenient to adopt a notation to express more briefly a 

general continued fraction, as -r. 



1 3 i 



«, 
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It will be only necessary to introduce the two extreme quotients Oi , ff„ 
in the order in which they stand ; thus this continued fraction will be 
understood from the expression (ffi. • . •0% 

Let^ , - , —.,... — be the converffing: fractious 'then by this 
9i 9i 9z 9» ^ 

notation we shall have 

(aj =r^ (ffi,fl«) = — (fli..a8)=— (^i....r7,)=— . 

9i 9* <lz 7" 

Theorem, If ^--^, — be the two final converq^ino: fractions to a 

given continucil fraction (a^ a,), the value of the inverted fraction 

(ff,. . . .ai) will be -^^ . 

9- 

For we know by the formation of the converging fractions that 

therefore, o, 9,., 
= «^« H f 

whence <7„_i 1 

9- "~ ^ , 9n-t 

9»-l 

changing succcssivly n into n — 1, 7i— 2, &c., this formula will give 

qn-% _ 1 

9..t 

9»-8 

&c. &c. 

Hence f7„_, 1| 



an+ 



<3r«-i+ , 1 



Put wz=7i — 2, and observe that ~= — , and we find 

^ = (ff« ffl). 



9 



n 



Corollury. Since ;;,=r/n7;«-i+77„.8, by following the same steps we 
find 
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Pn-X_ 1 

Vn , ^ , 

f/«+ T ^ ^' 

£tn— OT "I" 

/?«— w— I 

V 1 
Make m=;i— 3, and observe that — = — , hence 

Pi, (h 



Ctii_l+ • • • . "T — — 



= (cr,. . . .^^j) 



1 



Therefore 



Corollary (2). Since («,. » .aO = — 

and (a,. . .flg) = ^^— ^^ 

(92.) Conversion of algebraical formulae into continued fractions. 

1. To convert (— — j into a continued fraction, x being greater 

than 2 : 

First, when x is of the form 2y, then 4^* cannot be contained more 
than once in 4y*+4y-|-l, for 2 is greater than the greatest root of the 
equation 42/* — 42/ — 1 = ; therefore 2, or any quantity greater than 2» 
will render 4y'>4y-|-l, and therefore 8y^>4y*+4y+l ; consequently 
4y* cannot be contained twice or oftener in 4y*-j-4y + l : taking there- 
fore 1 as the first quotient, the remainder is 4y+ !• 

Again, 4y+\ is evidently not contained y times in 4y% but trying 
y — 1 as the quotient we find a positive remainder, which is Sy + l. 

Next 3y+l is only contained once in 4y+lj and the remainder is 
y, but 3/ is contained 3 times in 3y + l, with the remainder "unity which 
terminates the operation, the whole of which is as follows : 

■ 4y^)iy'+4y+l(l 

4y^ 

4y+\)47/ (y-1 
42/« — 3y - 1 

~3^1)4y+l(l 

y)Sy+\(3 

3y 


the continued fraction required is therefore 
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(^j=^+Of-^'^'^y) 



=1+^-^ 



,-.+-^ 



1+-^ 



3+-L 



Secondly, when x is odd the proposed fractioa is tbea of the fi'mi 
[ ' j , and the fbllowing^ operation will be easily understood. 



43^-4y+l)43^ (1 



4y-l)4y*-4y+l(y— 1 
4y^-5y-hl 

y)4y-i(3 

?y 

y-i)y(i 



i)y-i(y-i 





therefore (^^^y=l + (y~l, 3, 1, y-l). 

/6y+lY 
2. To conjrert f -^- — J into a continued fraction, 

2l6y0216y»+108y*+18y+l(l 

108y*+18y-(-l)216y» (2y-l 

21 6y^ ~72y«~16y-^l 

"72y*+r6y -h 1) 1 08y2+ 18y + l(i 



36if + 2y )72y' + 1 6y+ 1 ( 2 
72y«+4y 



12y+l)36y«+2y(3y-l 
36 y»-9y-l 

lTy + l)12y+I(l 

. y)lly+l(ll 

ny 





lIe„ce(^^^-tIJ=H.(2y-l, 1, 2, 3y-l, 1, 11, y). 
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3. To convert -^^ — j^-^^ into a continued fraction, a, p being any 

quantities connected by the equation a ^= — 1. 

First observe that (a+/3) (a* - /S*) = (a'+* - /8'+0 + (a'fi-fi'oc) 

the ordinary operation will be then represented thus 

tf'-^')a»+»-/3'+» (a-f )8 

when an exactly similar operation recommences; therefore a + /5 is 

always the quotient, hence 

a* — yS* 
(a 4- A a+A a+^ J? times) = ^,_ ^^, , ; 

or if a+j8=a, since ay8= —1, therefore a— /3=2^(1 + - J, 
therefore, 

(«,a.a....*times)={^+^(^^Vl)}' - {?- \/(i +1)} 

which converges to -,*or — /3, that is to the least root of the equation 

(93.) Problem. To find the values of finite and indefinite perio- 
dical continued fractions. 

1 1 
Let Vx = i/« — \ 



«+i> 



a + « « + 



■-' ^+-i 



1 

a + 



and generally w, = (a , )8, «, j8, «, ^ a; times). 



Then t/,.i = 



x+l 



1 =: ^ + w. 



a -I •' 



to satisfy which equation suppose 

a , m' + 6 . 71* 

whence «,+, = ; -; 

am . wi*+ 6/i . 71 
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but if we substitute the assumed value of v, in the former expression 
for u,^i ; clearin<j^ a.vay the denominator a . m* •}• b . n', we find also 

"''* ■" (a+aa/i+A)8)m'+(6+6a/i+B)8) . 7*' 

and by the comparison of similar terms we hive the four following^ 
equations, 

A-\-fia = mA. 
B+fib =nB 
a + a( A + )8«) r= ma 
6 + a(B+W = nb; 
from the first and third of which 

a 771—1 m 

A )8 wi— 1 

and similarly from the second and fourth, 

6 71 — 1 71 

— --- a,. 



B fi 71 — 1 

which shew that m and n are two roots of the equulion; 

(m — 1)- z=. map 
that is m + ii =2+ay8 ; m 71 =: 1 . 

Two more equations are necessary for the determination of the 
constants a, b ; from which the values of A, B, may be deduced by tiie 
preceding equations. 

Let therefore jf=l , and we find w^ = — - — - = ; — , 

ap \-i ' am-\-b n 

which give the two requisite equations, viz. 

A 772 + B 71 = P 

a ?n i- b n r= 1 + afi. 

1 1 

Putting now for A its value , afi , and . bfi insicad 

77i— 1 71-1 

of B, the first equation becomes 

771 , 71 

a . ^,+6. - = 1, 

771—1 71—1 

from which we readily find 

(7i-l) (2 + cip-m) 7i-l 



6 = 



71 (^n — m) 71—77* 

771—1 



«= = ; 

771 — 71 



therefore B = -— A = -^- = - B 

71-771 7;i — 71 
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whence finally 

w* = P • 7- — TT*-; — ; r: ; = P • 



•Example. Let m=2 /8=1 J7=3, 
126 1 



hence 



129 , 1 



14.i 



i + ! 



1+i 



i+ 1' 



Again. Let m+- = 2 Cos 6 fi=l 

m 

then 

Sin ( J 6) 1 



SinCc+l)0~Siuj5 ~ _4Si,i«!4. ^ 



^ 1 + - ^ 



— 4Sin'-; +7-7/ • 1 \ 
2 l+(j? periods). 



e 



Lastly. Let j:= qd , then supposing m > n 

y8 



• m— 1 



or, 

1 //fi"' fi\ fi 

(a, fi, a, A, a, fi....adwf:) = /T?""^ = VU "^J" ^* 

2+vU"^i8; 

This result may be verified by making t^« = 7, iuhI then substiluling 
s for all the periodical fractions after the first, we thus have 

1 . fi + z 



z = 



fi + z 
therefore az^-^-afiz = fi 



1 - l+a)8 + az' 

a + 



=-iV(?-!)' 



and since the continued fraction is positive, the upper sign of the surd 
must be used. 

(94.) Let us next consider a continued fraction which recurs in x, 
complete periods, the number of partial denominators in each period 
being s ; and the value of the continued fraction to the end of the xth 
period being denominated i/,, we have to seek the relation subsisting 
between u^^i and u, . 

L 
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Represent by 01 , a«, as....a«, the partial denomiuators tdken in 
the order in which they stand from the beginning to the end of a 
period, so that 

„ _ ^ u =(«!» «i» «» a.) 

«!+ j- 

«,+ 

«.+ ^ 1 

then on account of the supposed recurrence of a similar period, we 
have 

1/, = (ai, Of, «• a^-M », + Ui) 

i/,^.i = (ai, a,, Oj ca^_i, or, +«/,). 

Suppose that the converging fractions to i/j are successively 
Px P* Pt P' . 

— 9 — » — **'"~r> 

Vi fi ?• 9* 

qi 9t 9» 

Hence Vi ^ —^ 

and by the known law of the formation of these fractions, 

p. = a.p.-i + P#-« 

q, = a. 9«-i + 9*-t'« 

Now we may observe that the expression given above for t/<4i, 
differs only from the expression for Vi , in having a, + Vg instead of a,, 

J , a. p#-i + p#-t 
and since t/i = — =- t^ — , 

«# q»^t + ^*-t 

therefore ii^i = . . r ^ — T * 

which formula may be further simplified by putting p, instead of 
o»P»-i+P*-i find 9,, instead of a,9,-i+9,_8, to which we have seen 
they are respectively equal, whence we have the equation sought, viz. 

— P«+^* • P*"i 

SVom iWs fbrmuhiw^e ate prepared to find the express value of r/,, 
by ti tneitrod *imilat f6 tlrat w!iich We employed in tire sitnp^e case, 
when -ead^ pettod 'contained only two partial denowitratoi'S. 
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Corollary 1. When the number of partial denominators, », is ex- 
ceedingly great, then the value of the continued fraction for one period 
only is the same as that for <r periods. 

For then since ^-^ =2 -^ ; 

therefore if p,-i ==: cp,^ we have g,_i = c^, , 

which substituted in the preceding equation, gives 

_ Ps-^cu,p, _ Ps _ 

UjgA-l «— —————— ,.,«. — Z^ t/l • 

g.-^cu^q, q. 

So that the hypothesis of a continued fraction commencing to recur 
a(\er an infinite number of terms, and so recurring, if necessary, an 
infinite number of times, will not alter its value from that obtained 
without such an hypothesis. 

m 

Corollary 2. Suppose the number of periods infinite, we have 

or, ^,.»+?iZ£-.^^==^; 

the positive root of which is the value of the fractiim continued to 
infinity ; the partial denominators also being supposed positive. 

The product of the roots *- -^ being negative, shews that one of 

9.-1 

them is positive and the other negative ; and their sum — i^ — ^^ 

being also negative, shews that the negative root is the greater ; 
therefore the continued fraction, ad inf,^ gives the least root of the 
above equation. 

Example. To find the value of a continued fraction recurring ad 

25 

t w/., the value of a single period being — . 

(95.) To find the value of a recurring continued fraction which con- 
tains X complete periods. 

By the preceding article we have 

W;r+i— — ; • 

q,^u,q,-x 

- , Am'+Bn' 

Let M,=: •— - : 

am'-^-hn' ' 

therefore («;>.+A;>. .)m'+(y.+ B;,^.).» ; 

Hence ap,-\'\p,^{=zhm aq,+Aq,^i=am 

6/i.+Bp,.i=Bn bq,+ Bq,.i=ibn ; 



l2 
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therefore «^^iZ^i^_?fzL 

A p, m—q, 

* • 

B pi n-q/ 

from wheuce it follows that m, n are the two roots of the equation 

♦»'-(p.-i+<?.)«i+(p.-ig.— M.-i)=0; 

where the absolute term = ± 1, or ( — 1)'. 
Hence w+w=/?,. i+9. ; mn=( — 1)'. 

Let a7:=i, in order to determine the constants a, 6 or A} B : 

p, Aw4-B7i 
q, am-^-bn 

therefore Am+B/i=2?, am-^-hn^rzq,. 

Put for A its value — ~ — .a, and — ^ — ,b instead of B; 

therefore .m^ .71=1, 

m--p,.i n-p,.i 

and am + 6. 71 =r<2',; 

, /. ^^ — P$-i\ 
whence bnl 1 j =r9,+p/.i~m=7i; 

therefore fc= ^^9 whence B= — '—. 

71 — m n—m 

Similarly «= A=:— ^ — ; 

therefore w,=p«» 



m' — n* 



7?i' — 7i' 

Whence this theorem. 

If- be the value of a single complete period, then that of x com- 



9 



$ 



P 
plete periods will be ^^ m; » taking the upper or lower sign 

q,± z r" 

according as « is odd or even. 

(96.) We propose, in the next place, to form the converging frac- 



THE THEORY OF EQUATIONS. 149 

tions successively which express the values of complete periods of a 
recurring continued fraction. 

Using the same notation as before, we have 

But by the last article we have also 

p,(m'— 71') ■ 



M.= 



tlie numerator and denominator of which may be reduced to rational 
and integer formuls by means of a common multiplier which we may - 

represent by - ; hence, we find, 

But since m* — (2>,_i+7,Vw+( — 1)'=0, 

therefore m'+*- (p.^i + q,)m'-^' + (— 1)* . w*=0 ; 

and a similar equation is true for n. Therefore 

?(*+«)«= (p.-i+ 9s)g(,+i).+ ( - 1)"* •(/« • 
Thus we find successively 

X &c. &c. 

Example. To find the converg^ing fractions to the successive periods 
of a continued recurring fyaction of which one complete period is 

1 



1: 





1 








1 


4-— 
2+ 

L 


1 

3 






£1. 


1 


v%_ 


.2 


Pi 


9i 


"1 


1* 


"3 


9a 



In this case 8=3 ^=^1 ^'=1 ^'=— ; 
the general formula above obtained is then (sincepa+^3=12) 

i 9(*+«).= 1 2(/(,+,„ + 9«. 

Hence ^-1- ^=^^ ^~=^~^^^^ 

q^ 10 9« 121 q^ 1462' 

Corollary. Between the expressions for />(;p+.2)„ ^(x+«).> eliminate the 
multiplier p,-i + 9„ and we find 
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Hence p«^(,.i).— P(«-i).g«=(— l)'^'""^ .;?. 



'«i 







since the first of the converging fractions is -. 

(97.) Theorem. Every recurring fraction of a complete number of 
periods may be converted into another of which each period consists of 
one figure only. 

Retaining the same notation, we have, by the article preceding the 
last, 



«,= - 



9.i 



m'-»--n'-*' 



m' — 71* 



m'-»— n'-* 



But by Art. (92) = 



tn+w + 



m+M-f 



1 



771 + 11. . .(t— 1 times.) ' 



therefore 



Example. 



1/,=;;, 



y.X 



P.-1+7.+ 



1 



F.-1+9.+ 



p,_^i+9,...(j?— 1 times)' 



» -I ? 



1+ 



2 + 



^8+-i 



1 + 



2+: 



8 . . .(x periods.) 



=7, 



10+ r 

■ ' l2^ ^ 



12+&C.. . .(ci?— 1 times.) 



(98.) To find the value of a continued fraction commencing arbi- 
trarily, but afterwards proceeding in recurring periods. 

Let the arbitrary part which does not recur be (fii. jSj,. . fit), and let 

P P_ P 

each recurring period be (a^, «,...«,); let -r^, —-^^ ~ be the three 

Iflst converging fractions to the first or non-recurring fraction ; let «, 
be the value of the recurring fraction taken for x complete periods ; 
and let r, be the corresponding or required vafpe of the compound con- 
timied fraction proposed; then 

t'*=(^i> fisi /^a- . . . fit-u fit+Vs)' 



f 
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Now -'= (fi„ A, A. ' . . A-i, fii) 
therefore v,^^--^ — tti — ' 

But we know that w,= *—~ --:. 

q + , 



■ • ■ 



Hence v -(P'?-+^i-P.)("*'-"0±P.('» -'-"'" ) 

'~(Q,?.+Q,-.p.)(OT'-«')±Q.C»r»-'-»'-')* 

Corollary. We may prove, as before, that the law of the formation 
of the fractions converging to whole periods is still the same. 



rP,4,=P^.+P,.,p. 

{ 



&c. &c. 

Example, To form the fractions converging to the periods pf the 
compound continued fraction (4, 3, 2, 1, 2, 3, 1, 2, 3, &c.). 

T, ♦ ,_Q Pi-l P._ 3. 7 _P. 

J^irst, ^-.3 q;-4' Qi-Ia-- SO^Qs' 

s=S ^=i ?i=? ^=— . 

7 1 9a 3 ^3 10 ' 

Hence, Pi+.= P< 9, + Pi-i;?.= 7x10+ 3x7= 91, 

Q,+,=Q, g, + Q,., p.rr 30 x 10+ 13 X 7-391. 

The remaining numerators are formed by multiplying that immedi- 
ately preceding by 12=:9«+p«_i, and adding the numerator again pre- 
ceding ; and the denominators are found by the same law : the required 
converging fractions are therefore 

7 91 1099 13279 ^ 
30' 391' 4722' 57055' 

^ Corollary. It may be easily proved in a manner similar to that 
cited in the analoo^ous cases which have already occurred, that 

P«+*» Q«+(*-o* ■" P<+(*- i)*Q<+«== ( — I )* *" .p# . 

Moreover, it is visiUe that the converging fractions thus obtained we 
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alternately greater and less than the tnie value; and the error Oora 

the value of the fraction continued to infinity is less than =—- — . 



Q- 



t+st 



(99.) Scholium, This method adds at each operation a number of 
accurate decimal places which cannot exceed double the number of digits 
in (p#+9#-i)*- I '^*ve sought a more rapid method of forming the 
converging fractions, which quadruples at each operation the number 
of accurate decimal places. 

First, consider the fraction to complete periods, to which the con- 
verging fractions are — — *^ — &c., and when this fraction is in- 

verted, let -^ ^-^ ^ &c. be the converging fractions to the new con- 

q, qt, qz. 

tinned fraction, which has also complete periods. 
Then, as we have already seen, 

p'>—q-i q's—q- p'i.=qis-i q'u^q^ &c. 

But since Pi,=0vi + 7*)p*» and ;>^,i= ^^'"^~ ■ = V'^'- . ., 

q. q. 

therefore ;7g,= . », ; 

similarly, \ /> &= ^^ — j . //. ; 

q • 

therefore - — = i— = — =m a constant. 

rience, m=: — = - — = - — = , , , , ^ . 

p. .Pu P*» pt'. 

Hence, pu^ (9-+ — j.p* 

9. / 

7i.= (^.+ -~ — )-g.+(-ir* 

q* / u ^ 

Write now 2s instead of ^ : 
therefore, Pi.=(7-:.+m.^--^ Yp;, 

qu J 

i ^ P'^'+}\ 
qiM / 

and generally, /?»'+^= (^g* ^. + — ^- )./V, , 

the same multipliers within the brackets give the formula for P|+t»+i/, 
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and Qr^^+i, ; and since it is evident that g««fi, >(</** .,)*, therefore 
{7«»+i)*X9«'«)\ which shows that the number of accurate figures is 
at least quadrupled at each operation. 

It is ahiiost unnecessary to add, that the multipliers within the 
brackets are always integers, being the same as 7i*,+|?8*,-i ; 

Example, Reconsider the continued fraction 

_1 



3+— 



1 + 



^■'"3+ &c. 
^3 _ 1 „ _3 

First multiplier =10-1 r- [=12; 



therefore 



P,_ 84 
q. 121 



2.84'+l 
Second multiplier =121H -— =146 

Ell 84x 146 12264 ^ 

qxi"^ 121 X Hli- 1 "" 17665 ' 

? (12264 )«+l 

Third muhiplier =17665 -I-- — =21214 

* . 17665 •: 

p^ _ 12264x21214 _ 26016949 6 . 
q,^" 17665x21214-1 "" 374745209 ' 

I lie error of which from tlie value of the fraction continued ad inf, 

must be less than ,^^,^^^^ ^,, • 

(374745209)* 

(100.) Problem, To find the vaiue of a periodic continued fraction, 
not commencing with periodic terms, and continued to infinity. 

Employing still the same notation, let U be the value of the periodic 
part continued to infinity, and V the sought value of the whole. 

Let m be the greatest root of the equation 
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thcu by the foregoing^ articles we have 

U= Pl_ = _£^ 

(-!)■ q.~n 

'' m 
whence n=q, — ^f • 

Moreover, since V=Tr^ — .^ '~' ; 

Q, + UQ,_, 

VQ,-P, 



therefore U=: — 



VQ,-.-P._.' 



therefore n=q,+p.. —,r^ — =;— . 

Now since w*-— (/>,.i+^,)7i+( — 1)'=0, 

therefore (rt-^.y'f-C^.-pt-iX/i-^,) -9,-ip.=0 ; 

ill which, if we substitute the value of n — g, in terms of V, and multiply 

the resulting equation by ^— , we find 

(VQ,-P,)«=0; 
therefore, 

+{p,p*,-i+(^.-p.-i).PiP.-i-9.-i.PM=o. 

Lagrange has obtained the same equation by a very different pro- 
cess. ( Vide Trcdte de la Resolution des Equations^ p. 56.) 

By referring to the quadratic, which is arranged according to the 
powers of 71 — 9,, we see that the absolute terra is negative; therefore 
71— 9, and m—q,^ which are its roots, must have contrary signs; 
therefore, n — q, must be negative, m being greater than n, conse- 

yQ_ p_ 

quently — :^-z^ — =^ must be negative for that value of V wliich cor- 

responds to the continued fraction, the other root which is foreign 
would make the same fraction positive ; one root of the equation in V 

in this question ; the otiier root does not lie between tlie same limits : 
we thus know which root it is proper to reject, and which to retain. 



must therefore lie between 77—^ and ~ , and is that which is sought 



Example, Find the value of the indefinite continued fraction : 
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1 

4+i 



3+i 



•^^, 
'%^- 



3+&C. 
The non-recurring part consists of two places, t=2; ] 

therefore 7^— = -j 7r= tt;- 

Q,-i 4 Q, 13 

The recuning periods contain each three places, ^ =3 ; 
hence ' = - — = t— . 

Therefore, 239V"— 1 03V + 1 1 = ; 

,,_ 1 03±/ 93 
"l78 ' 
the sign + must be given to the radical to obtain that root whicli lies 

1 3 

between - and — , which is then the true value of the continued 

fraction. 

(101.) To extract the square root of a number in the form of a con- 
tinued fraction. 

Rule, Take the nearest integer immediately below the true square 
root of the number, and put the sought square root equal to this num- 
ber + the sought square root minus this number, and transpose the 
surd to the denominator by multiplying this difference by a similar sum, 

^ 4 

as V 5 — 1 would be changed to /- • 

Take the nearest integer to the denominator thus formed divided by 
the numerator, and then by subtraction make the proper compensation, 
and let the surd thus arising be again transferred to the denominator 

in similar manner; for example v3 =1+ ; = 1 + -7= . 

1 V3 + 1 

By continuing this process all the partial denominators of the con- 
tinued fraction required will be found. 

Thus, Vl7=:4+^Ip-*=4 + ~ 



V17 + 4' 



1 VI7 + 4 
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Vl7 + 4= ......... =n8 + --J , 

VT7 + 4 

&c. &c. 

therefore, ,/l7=4^ 



8H 

^8 &c. 



To find 'v/21. 



V21=4+ — - — =4 + -^= — , 

V2I + 4 , A/2T-.I , . 4 
3 5 V21 + 1 



4 4 V2I+3 

^21 + 3 ^^ V2T-3 _ 4 
= 2 + T =2 + 



3 3 V2I + 3 
V2r+3_ V2r-j._ 5_ 



4 4 V2H-1 ' 

V2r+i _ V2T-4 . , 1 

— l-l . =1 + 



^21 + 4 



V2I + 4 =8+^^=8+ ' 



1 V2I+4 

^21 + 4 , . V2T-I , 4 

^ 5 V2I + I 

V2T+I \^-3 , , 3 
-j — —1-1 =:1H ^=^ 

After which the same formula recur, therefore 
— . 1 



V21=4+ 



h' 



' '+- 1 



^■» 1 






24 



1+ &c. 
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an^l the converging fractions may be found by the method pointed ont 
in Art. (99.) 

To extract the square root of a fraction in the form of a continued 

fraction. 

5 

Example. To find the square root of - . 

o 



^A-^. 



2 



after which the periods recur ; therefore 




3 + &C. 



Again, to find the square root of - . 

,_ ^/2"-l , ^ 

V2 =1+ 1 =1 + 



1 V^+i 

A— V?" - 1 1_ 

afier which the periods are the same, therefore 



VG)=b 



2 + T o 

^ 2 &c. 

4 
Again, to extract the square root of - . 



\/e) 



3 



7N , V J-^ ' 4 3 



158 THE TS£OBY OF SQUATIOXSL 

3 3 V2S+5 



= 10+ ; — =10-1 



1 1 ^+5 



3 3 ^^+4 



^^+4 
afler which the periods recur, 

/4 1 
therefore, k/ -= r- 

1+- 1 

3+- 1 
10+-^ 

34 



2+ &C. 

A similar method is applicable to the solution of quadratic equations 
to express the positive roots under the form of continued fractions. ' 

Example. 2j*-ar=6; 

3 V57 

Now ?±^=2+^^llil5=2+— ^- 
Now, ^ -^+ ^ ^^V57+5 

5+V57_^ y57--3^^ 6 



8 8 V57+3 

3+V57_^ V57-3_^ 8J 



6 6 ./57 + 3 

3+V57_ ^/57---5_ 4 • 



8 8 V57 + 5 

4 ^4 .^V57+7 

7+V 57_ V57-7_ 4 

2 ~ 2 ~ V57+7 

11^=3+^=3+-^- 
4 4 V57 + 5 

er which the partial denominators recur, therefore, 



«=2 + 
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1 



1+i 



3+- 

1+ — 

l + &e. 

The successive convergitig fractions to the first period are 

1 1 2 ^ 51 160 
1 ' 2 ' 8 ' U • 80 ' 251 

Hence, ~ =^ j^ ^5=80, therefore, ?^ = L , 

^6 251 /?« 2 

JL 160«-H 
First multiplier =251+ ^* ^ ', =302 ; 

251 

,, • pii 160x302 4S320 

therefore, - — r= = • 

' q,^ 251x302—1 75801 

Second muhiplier, =75801+ ^'^fff ~— =91202, 

7a801 

4406880640 



Hence ?^ - l??20x91202 

' o.4~ 75801x91202-1 "" 



... • 



qu 75801x91202-1 6913202801' 
and this fraction increased by 2, errs from the true value of a? by a 

quantity which is less than ^^ ;.^^ ^^^ ,,^ — r-ru — rr-rx;:-. 
^ ^ 40,000,000,000,000,000,000 

(102) Theorem, In applying the method of contfnued fractions to 
the solution of equations, the transformed equations after a few at the 
beginning will have uniformly their first and last terms affected with 
contrary signs. 

Let ^(j?)=0 be the proposed equation, and X be the nearest integer 

below one of its roots, then put j:=XH — ; the transformed equation in 

y has as many positive roots greater than unity, as there are values of 
X included between the consecutive numbers X and X + 1. 

Again, it is possible that two or more values of y may lie between 
two successive integers, X' and X' + l ; in which case the transformed 

equation arising by making 2/=X'4 — , has a corresponding number 

z 

of positive roots greater than unity. 

When, in continuing this process, we arrive at a transformed equa- 
tion which has not two or more roots included bet\\^en two consecutive 
nuiubersi as 
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aM"'+6ii*"* + cM*~^+ +*=0; 

1 

then, making tt=r»H , s being the nearest integer below a root of this 

w 

equation, the transformed equation in ti? can have but one positive root 
greater than unity, and tlien all the consecutive transformed equations 
will be in the same condition. 

Represent the equation in w by F(t£/O=0; let / be the nearest 
integer bejow the only positive root it has greater than unity, and let 

Then, 

therefore the first term in the transformed equation would be F(/).<'", 

and the last ; these terms must have contrary signs. 

1 .2.3. . • •m 

For, by supposition, there is but a single root of the equation, 
F(2t)=0 between the limits Zand + co; therefore, F(0 and F(qo ) 

have contrary signs, or F(/+-- j must have contrary signs for ^=0 

and <=ao; now, f"F(/+ - = ^ ^ .. ■ wheu/=0; this, there- 

fore, must have a contrary sign to that which alFects F(/). 

Again, since the equaticm in i has but one positive root between 
+ 1 and 00 , therefore the same reasoning applies to show that the next 
transformed equation and ail t)ie succeeding ones, have their first and 
last terms affected wih contrary signs. 

Theorem, The root of every quadratic equation expressed in the 
form of a continued fraction is necessarily recurring. 

Sup))ose the transformations to be continued until the first and last 
terms have contrary signs, which must eventually happen, as we have 
seen in the last article ; let then the equation be^ 

a'a^ — 26r— a=:0. 
Let \ be tiie nearest integer below the sole positive root which th»s 

equation has, and make jr=X+ —^ ; 

therefore, a'^x'* - 26 V - a = 0, 

where 'a"=z — a'\«+26\-f a \ changing all the signs that the 



} 



h' ^z-^alX-^h j absolute term may be negative; 

from whence we find 

similarly, if the next transformed equation be represented by 

a'V'*-26V-a"=0, 

we must have 6''*+ aV"=:6'^+a'a'':=&*+fla' ; 

in fact this is the quantity which is und^r the radical sign in the actual 
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solution of U)e primitive equation ; and it is manifest tliat lliis surd 
ounfht to remain unchanged in all the transformed equations, since the 
roots of these different equations are rational functioiis of each other. 

Put, therefore, 6*-|-aa'=C, 
then, since 6'*+aV=C, ando^, a'\ ^, are integers, 

therefore, V < ^C, , and a'<C. 

Therefore the coefficients a', h'\ a'\ h'\ &c., cannot in any of the trans- 
formed equations exceed given integers; and consequently, after a 
sufficient number of transformations, the same co-existing system of 
values for a' and V mujrt recur; and therefore, also, the same value for 

C — 6'* "^ 

a" = -f — ; the transformed equation thus arrived at being the 

same as one obtained before in the process, it follows that the whole 
operation, and therefore the periods of the continued fraction, must 
recur. 

(103.) Problem. To convert a given continued fraction into a series. 

ft V) V) 

Let — , — , ^, &c., be the converging fractions to a given con- 

?l ^8 9« 

P 

tinned fraction, and — the value when continued to infinity. 

' q% q\ qifja y»v« 

?i~^= .. . •. "^ 

q* qs q^q* 



w-l 



qn <7«-i "* '"' 9«-l9« 
Hence, by addition, 

p. p, I I 1 (-^ir^ 

qn qi ' qiq% q^fit-i q^q* q^-iqn 

and — =— -] &c., ad inf. 

w qi q\q% qtqs 

The terms of this series continually diminish, and are alternately posi- 
tive and negative ; therefare the error committed by taking h terms of 
the series, instead of the whole, is less than the (n + l)th term. But in 
some cases it is convenient to take seme of the partial denominittors 
negative. 
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Thus, the contioucd fiactkm which leprcscnts Jhe rmtio of the cir- 
cumfcTciioe to the dbmeter of a circle may be written either as 



or 



3+^ 


1 










1+- 
15+ 


1 

1 




• 








1+ — 


- 


1 




* 




292 + 


»+2+ 












&c. 


3+' 


1 










7 + 


1 










16- 


1 
3- 


_ 








294- 


" 1 

3+ lie 





the second of 'which is best adapted to give a convei^^og^ series, which, 
formed after the formula above given, is as follows : 

' *"" ^1 7x113 113x33215 33215x99532 

Periodic continued fractions may be converted into still more con- 
vergent series by a similar process. 

(104.) To determine the commencement of the periods when a qua- 
dratic equation is solved in the form of a continued fraction. 

We have seen that in the process of the successive transformations 
of the proposed equation we arrive at one of the form 

aV— 26jr— a=:0, 

where a and a' have necessarily the same sign, and that thenceforward 
all the successive quantities a', a'', o'^, &c., have the same sign. One 
of the two commencing equations of this form, namely, that in which 

'the last term (a or a' as the case may be) is less than V C , (since Oi/ 
r=C — 6^ will afterwards re-appear, and therefore the fraction will be 
periodical from this point of commencement. 

For suppose a to be that which is less than ^C, then the series of 

numbers a, a', a'', &c., 6, l/y W^ &c. will all have the same sign as v C. 
For the equation above written gives 

6 + VC 
jr = — • 



a' 



and by the nature of the transformations it is obvious that j*> 1. 
Therefore.- ^ *±i^>i ; '- 

• Q> 
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u C-6« 1' 
hence, — - — .— — >l. 

«' Vc-ft 

But since C=aa'+6*, 

therefore/ -t=z >1^ similarly -7= >1, &e. 

VC-6 VC^6' 

But since b <^aJ+b* , therefore VcT— b has the same sign as Vc ; 
wherefore a must necessarily have the same sign ; and like reasoning 
apph'es to the quantities, a', a", &c. 

Now, by hypothesis, a< VCi and it is proved that ::^^- >l- 

_ . ^C-b ' 

therefore b must have also the same sign as Vc, for if it had a con- 
trary sign the denominator of this fraction would be numerically greater 
than the numerator, and therefore the fraction would be less than unity. 
Again, i/ must have the same sign also, for, if it had a contrary sign, 
then, since W=6 + 6', X being a whole number, and 6, 6', each < ^C, 

it would follow that cr = is also < VC ; whence, as before, 

y must have the same sign as ^C ; therefore the supposition that it 
has a contrary sign is wrong ; and the same reasoning may be extended 
to 6", 6'", &c. 

Now if any cotemporary coefficients in both these series as a'", V', &c. 
are given, the preceding ones may be thence determined. 

For since 6'^'=:a'"X'^— 6", and 6"< Vc", 

therefore X"<- ^ ' 



a'" 



similarly. 



a • 



But by the nature of the operation V is a positive integer ; 

therefore, 6"+ ^Q>a!'. 

Now, aV"=C-6"«= (Vc"- 6"VC + b"), 

whence ^C-b"<a"'. 

In this inequality put for b" its value a'"\"— 6'" ; hence 

therefore X"> , — — l ; and it has been proved to be less 

a" 

than j,f — , and is a positive integer, therefore it can only be the 

nearest positive integer below jliy ^"^ *s therefore a known 

Cw 

M • 
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qmntiiy; and ffoni thenoe the quantities 6" = a^X">6", and 

ar=: = — are detennioed. 

Now we hare seen that in the sncoessire transfonned eqoations 
n'x«— 26*-a=:d, a^x^-2yx-i/=0, fl*'V«-26V-a'', &a, the 
coefficiento of some pair, as {d", 6"'), (a'"^"^ , ^ '^^ ) roust he the same, 
therefore the coefficienUof the preceding pair (i/' h"\ (if'"^-'\ fc^'^-'O 
will be alike ; and thus we can continue to trace backwards to the first 
equation, which answers our supposed conditions, iriz., either that in 
which the first and last terms obtain contrary signs for the first time 
or the next succeedii^ on^ selecting that of the two in which the last 
term is leas than ^C; this equation and all the sncceeding neces- 
sarily produce periodicsil terms. 

Corollarif. In the extraction of the square rool the equation is of 
the form 

a 

In this case cu£=Q^ ami therefore the least of the two numbers a, c^ 
is necessarily less than ^^C ; if a be the least, then x is the square root 
of a proper fraction, and the periods must cofiimence from the first 
operation ; but if a' be the least, the next transformed equation or 
second operation wiM produce a periodical term. 

There are many other remarkably elegant properties and applicatioils 
of continuetl fractions, but, being unconnected with the theory of 
equations, we must omit them on this occasion. 

ON THE FORMATION OF PARTICULAR CLASSES OF 

EQUATIONS. 



/^ 



(105.) To form an equation of which the roots are all the natural 
numbers taken positively and negatively to infinity, and including zero. 

Let us first form a function F.(j?), of which the roots are 0, 1, 2, 3. • 
n, —1,-2, — 3, . . . . — n, that is 

F«(4)=:c.x(x- 1)(*-2) (*— «)(«+l)(J?+2). . . . (*+n). 

Hence 
F«(*+l)=c.(j?+l).j:(ar-l)....(j?-7i+l)(jc+2)(a:+3)....(j+w+l) 

therefore, F,(4r+ l)=r ?±^^ . yj^x) . 

X — n 

Now in the limiting case, where n is infinite, let 0(a:) be the func- 
tion sought ; and since then becomes —1, we have 

^(j?+l)=-0(«). 

To solve this equation let ^(x)=C^ ; 
hence, Cg-'.s^'vs -C,g^, 

or €"•= — 1 ; 
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therefore fn=±W-l, ±3rV-l, ±5«V^, &c. 

Hence the particular forms the sum of which gives the most general 
form of </)(j;), so as to coincide wiih the preceding equation of differences, 
are the following: 

A sin tT-t+B cos »t, 
A' sin 3»J7+B' cos Sirj, 
A"sin 57rjr4-B"cos 5«-a:, 
&c. &c. 

The effect of employing the equation of differences was to insure 
that the roots of these functions formed an arithmetical progression ; 
but in the problem they must include zero ; therefore the cosines must 
be rejected ; also the sines of the odd multiples of trx vanish for frac- 
tional as well as integer values of x ; the only function therefore which 
strictly agrees with the conditions of the question is A. sin (tx). 

In a similar way we should find that the equation of which the roots 
are 

13 5 1 3 5 p. • A / N 

2' 2* 2' ••'•""2' ""2* -- 2 » «c. IS A cos (^t). 

Let it now be required to fqf m an equation of which the roots may 

, ' 1 1 1 1 

^ A> 2* 2^' 2^ 2** 

Let the sought function be represented by 4^(x) ; 

that is 0(x)=(x-l)(^*-i)(^-l-)(^-i-) ('-^) 

Substitute 2x for x^ and separate the numerical factors of x. 

"""^=('-0('-i) i'-h)-i'-w^)- 

which, being compared with the preceding function, furnishes the equa- 

lion ('-l)-^= ('- gii)*^- 

Now ^(j) is of the form 

* j7"+» - a,!* +0,0?"-* - c^*+ &c. ; 

therefore 

Again, ^^= *•+•- -V+ gi*"-'-^ •<^*i 
therefore 

(.-.).*^=^-(i«>-+(s+t>-(i+ ^y- *«• 
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Compare the general coefficients in both these products, and we find 



2"+» 2' 2''"' ' 



thus, aj=2- — , 

"" 2"~' 

&c. &c. 
To form an equation of which the roots ore — «i, — («!+««) 

In this case we are to form the product 

(jr-hai)(j? + ai + «2)(j7+ai+a«4-a8). . . .(a?+ai + a«+»8+ • • • • +««)• 
Represent this product by jp"+A|a;* "*+A2a?*~*+ . . . + A^*""'"^- . . . 

+ A,_,r-f-A, , the g^eneral coeffiL-ieut A« being the sums of products, 

each of which contain m factors. 

For Ai it is easily" seen that its value is 

nofi+(w~l)a2+(n— 2)c3+. ..2a,_i + or«. 

Again, As consists of products such as otxOi% aiois o(%asf &c., and pure 
powers, as oi', a,*, &c., the general form of the first class of terms is 
ttptt, ; and we now proceed to find its coefficient or the number of times 
this combination occurs, which number may be denoted by (apotj) ; and 
supposing /? less than q, no factor preceding .r-|-ai + ai4-. , ..oCp will be 
concerned in forming the combination in question, and in the factor 
itself and the succeeding ones, the terms preceding a^ may also be 
neglected. 

The factor commencing from the above, arranged horizontally, will 
form this diagram : 

^+0^1+ . . . . +fl^ 

a?+ai+ »p4-a,»+i + 0fp+8 

j:+ori+ ap + ap+i + ap+2+-. •• +o<»»» 

«2^+ai4- »rp+^ •{•otq+o(q+i 

•^ + «i+ ocp+ ^j+^j+i + o'H-s 

&C. &c. 

Now if ofq^i were placed where the asterisk stands, the combinations 
of ap with Of, and a^^i would be alike /. (a^a,) — (apa,+,) = the number 
of combinations of one term at the asterisk with the terms in the ver- 
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tical column ofop » except thai 0rp, which is in the same horizontal line 
with the asterisk ; it is therefore the number of terms minus one in that 
column which (since p — 1 factors precede the first above written) will 
be n—p. 

Therefore A denoting the finite difference when q increases by unity, 
we have 

A(a,a,)=-(n-;?) ; 

therefore (apa,)=:(7i — |>)(c— 7) c being independent of g. 

Suppose 9==: 71, i^pO-n) will be the number of terms minus one in the 
column of a^, since a„ enters only once ; that is, (a^a.)=w— p, there- 
fore c — 7i=l, or c=w+l» which gives 

As for the coefficients of the powers, as Op*, denoting such by a similar ' 
notation (a'p), they will not be affected by the supposition that ai=0 
a!|=0.. •.ap.i=0 ap+i=:0.. ..ai=0 ; they are therefore the same 

as in (1 +0^)"-"+*, that is (^"PK^"P + ^) ^ ^^ch is half of the for- 

mula obtained by putting g=:p. 

Hence 

, _ ».(«-l) . . («-l) («-2) .. (n-2)(/i-3) ,. 
A.= — j-^-.a.'+ .a.+ ~ .0. + .... 

(71— l)(n - l)aiag+(» — l)(/i — 2)aia3 + (/i — l)(7i— 3)aia4+ •• •• 

-f (71 — 2)C7i— 2)«8a8+(7Z— 2)(n— 3)a4a4+ .... 

4-(7i — 3)(n — 3)a8a44- •• •• 

In like manner we may classify the terms of which As is composed 
into terms of the forms o^aja,, a\ a,, a\ , respectively, 77,7, r, being 
arranged according to magnitude, their coefficients may be represented 
as before by the same letters in brackets. 

Every combination of apO, may be combined with a^, except such as 
are formed from the ap and a,, which are in the same horizontal line 
with it ; if these are erased, the number 7fc is reduced to 71 — 1, and the 
combinations of Opa, are then, by what has been already shown, 
only (w— p — 1 )(7z— .g) in number; therefore the excess of the number 
of the combinations of gr,. with apOc^ above that of ar+i is (n — p — l) 
(n — 9), or taking the finite ditference in reference to r, 

A(apOf,a,)=— (71— p- l)(w-9) ; 

thence (opoja,) = (71— p — 1) (71 — 9) Cc— r) ; 

and putting r=:7i, we find, as before, c=7i+l ; 

therefore (apa,err)=:(7i— p -l)(7i— 9)(/i— r+l); 

and generally, if «>r r>q q>Pi &c., then by the same process 

(a,a^(jf,ap.. . .) = (7Z— «+ l)(7i — r)(7i— 9--l)(w — p — 2). . .. 

Again, if we erase the Op, which is on the same horizontal line with 
a,, the number of combinations of the remaining terms ofp, in number 

71— p, are ^ ^-~ — ^ ; and since the number of terms in the 

1 • «tf 



• ••• 
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vertical line where a, stands is n — g+lt H follows that 

(aVa.)=: <»-f"7-^> .(n-,+ l); 

and geaerally. („>/'<•...)= (jl=I±})pi:±:^i^^. 

(n— r)(n-r— 1).. . . (r' limes) (n— 7 - 1 )(n— 9 -2) ....(f times 
1.2..../ ' 1.2 g' 

Lastly, (op') is the same as if. all the terms Oi, cl^ &c. were zero, 
except Op , and is therefore 

Qi— p + l)(n-p)(yi-p--l) 
1.2.3 

iLT 11 / P\ (n—p + l Xn-p) (p' times) 

More generally (a/) = ^ r-^;^^ -; 

We have thus investigated the coefficients of every comhi nation which 
enter the whole product, and it may be remarked that the coefficients 
of the combinations of consecutive terms are pure powers ; thus, 

(ttiOi) = (71 - 1)* criOf8= in - 2)* &c. a,a,cr8= (n - 2)'. 

This example is extracted from a memoir of the Author's, published 
in the " Transactions of the Royal" Society for 1837," and is of essen- 
tial use in the investigation of general formula; for the change of the 
independent variable in the " Diflerential Calculus." 

(106.) Having now given most of the known properties of algebraic 
equations containing a single unknown quantity, accompanied by illus- 
trative applications, the length to which we have been conducted in these 
researches precludes us from noticing some other subjects of increasing 
interest; we refer in particular to the " Theory of Elimination;" we 
shall therefore conclude with some remarks on the roots of equations 
of which the dimensions are infinite; a subject which has various im- 
portant applications, but is surrounded with difficulties, and has hitherto 
received but little attention. 

Such an equation may either have no root real or imaginary, in 
which case the series corresponding to its lefl member is not capable 
of reversion, or it may have a finite or infinite number of roots, the 
reverse series giving the least when real. 

In regarding the proposed as the limit of an equation of finite dimen- 
sionSf it is convenient to choose the latter, so that the coefficients may 
be multiplied by factorials of successive orders, because on the hypothesis 
of any integer value for the order w, the general infinite series will be 
always reduced to a finite equation of n dimensions : this is the method 
which I purpose to exemplify as appearing to be most -simple and 
generaj. 

Given l + x+x*+Ji^+&c. adinf =0. 

The derivative series which seems best to assume in this case is 
l+n«+n(n-l).«*+(n)(n-l)(n-2)«3+&c. =0, 
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which is a finite equation when n is any positive integer and is re- 

X 

ducible to the proposed by making 2= - , and then supposing n in- 

ft 

finite. 

To discuss the derivative equation, let ;?= - , when it becomes 

y 

y"+ny— *+7i(/i-l).y"-»+w(w-l)(W"-2)y"-»+&c. =0, 

represent the lefl member by u and its derived by u\ and we find 

* tt=y"+u'=0. 

Now if M=0 admits oF real roots, let them be represented by «, /3, 
&c., a being the greatest, j3 the next« &c. regarding negative quantities 
as succeeding positive in magnitude. If a be put for y in u' it must 
give a positive result; and since it renders 7/=0, therefore it must 
render ^" negative, which is impossible when n is even ; there can be ' 
then no real root. 

But as there must be a real root when n is odd, and that a renders 
y* negative, therefore a and consequently any other real roots are nega- 
tive, and would also render y" negative ; but /3 must render u' negative, 
and therefore ^" positive : hence we see that in this case y has but 
one real root. 

Now if we put for y in v, it reduces itself to its last term, which is 

positive ; and if we put — Vn~for the same, it becomes negative; there- 
fore y is between and -- ^n, z between — n ^ and — x, and x be- 
tween — n^ and — oc; therefore when n is infinitely great this root 
becomes — co . This equation therefore admits of no root, the series 
ceasing to give any expression in the latter case. We see in fact that 

the series is equivalent to , which cannot vanish except when 

x=: 00 , and then the series cannot be said to be represented by that 
fraction. 

a^ 07* 

To find the roots of the equation a? jr~5"+ , ^ . . — &c. =0, 

we form in like manner the derivative equation 

7i(n-l)(«-2) _, . «(n-l)(n-2)(n-3)(»-4) ^ 
"* 273 ' + 1.2.8.4.5 •**-&c.=0, 

which is terminating when 9Z is a positive iuteger; then put <r=:n2r', 
and finally make n infinite. 

Now the latter equation is the same as 
{l+z^— l}"-{l-«V=l}"=0. or(i±^r«l,j . 

^ , fcosO+V^sinOl- , 
and puttmg r= tan(e), we find \-—z — , — ) = 1 

\coB«— V-lsm^J 

or cos 2ne+V^^siii2ne=l, whence 2«^=0,2t,4t, 6T,.(2n-2)?r 
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5r Qtt 

and zcrO, +tan -, ± tan — , &c. ; niakitii^ now ?i iiidnite, we find 
.11 n 

xrzO, ± T,' ± 23r, ± 3t, &c., » denoting the number 3,14159 

Let the proposed equation be 

l^xA V &c. =0 ; 

^1.2 1.2.3^ 

and take for the derivative 

or (l-;5)"2=0. 

which has only the root r=l, therefore « = cd, or there is no finite 
quantity which will satisfy the ])roposed. 

Our last example is one, which though differently treated, has already 
attracted the altentton of mathematicians, not so much with a view to 
its applications in the higher parts of analysis, and its remarkable con- 
nexion with important physical problems, but as a test for merely 
algebraical theorems. 

Let 1 =- 4 h &c. =0 ; 

1« ^ 1«.2* 1«.2«.3« ^ 

the scries which I take for its derivative is 

* 1 1 ^ 1.2 1.2 

all the roots of which we have already proved to be real and positive, 
and to lie between and 1 ; and I have shown in my ** Treatise on 

Electricity" that the difference of two successive roots is of the order - ; 

hence the limits of all the values pf x may be easily found by the sub- 
stitution of the natural numbers for x, and by observing Uie alternations 
of signs which result. 

• Thus, when j:<], all the terms within brackets of the following 
series are obviously positive, viz. : 

there exists therefore no root less than unity, or equal to it. 

When «=2 the sum of the 3 first terms vanishes, and the series 

2/ 2\ 2»/ 2\- 

becomes " J.(^l " j,) -^^l^T^^ " ^.) ' &c- ^^ich i 

tive, consequently there must be a real root between 1 and 2 ; and 
it is easy to be shown that there is but one. When j:=3 the sum of 
the first five terms is negative, and all the succeeding terms taken in 
pairs give necessarily negative results, and a fortiori we find the same 
for quantities between 2 and 3; there is therefore no root in this 



is nega- 



fici': 
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interval, nor as far ao jr=4, 5,6,7, 8; but the results in all these 
cases are very small and rapidly diminishing. If we denote the pro- 
posed function in this case by u and by Ui , t/c, &c., those from which it 
is successively derived, each vanishing when xz=zO, also by u\ m", &c., 
its own successive derived functions, it possesses the following property, 
which expresses the relation between its derived and primitive functions 
w„— ( — J:)"tt'''^"*^=0 ; thus, if m=l, we have Mi4-j:tt'=0 ; and since the 
substitution of the roots of ?^=0 in u' being all real woidd produce a 
series of alternations in the signs, the same would occur ti) v^ in the 
contrary way, j? being always positive. The definite integrals of the func- 
tion u when multiplied by other functions, possess very remarkable pro- 
perties, intimately allied with the interior airangement of latent elec- 
tricity in bodies ; but one object in selecting it here was to exemplify 
the method we have suggested above for examining transcendents not 
algebraically expressible, and to attract the reader's attention to a func- 
tion as remarkable in nature as in analysis. The whole subject of 
equations infinite in their dimensions would require more space and 
consideration than can be here conveniently permitted. 
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